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t0

d~r

dt |t=t0
≡ ~̇r(t = t0) = ~v0, ~r(t = t0) = ~r0
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~r(t) = x(t) · ~ex + y(t) · ~ey + z(t) · ~ez .
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~F = −~∇U .
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T + U = E ,
H¸Å�vÿÇ9Y

GV-("
¤������òP�
3<'�, 0;@�-� ���,(-�# MN� ����)(-��89;:�,('�y���'���5
3(-�'�%()(�10;�19�#(�!��"$#¡K�C�,(3(4(-(��y

~r(t)
Pv¢)��
��3���'�)(-(��y

0;@�-� ���,(-�#n,�� 7>I�@F�
�!��"$#§3()(-(@F� #n@&%()('�"!��)��
,("!��@��
O
3<'
��'�)�C�.t'�%(-("!I�@F�
�!�£3�'�,(��4¤)��D0;-�CF"156@���3���'�)��

~r(t)


��)(-�)(�!+���,(-(-¤9;.£��'�y¤7D�802�D�(-�%('£MV�1w<�
,(-(3<�B"19;�10�CF5
�!�i,��D�(-(,�� ��:i"�@�I���'�)��?"�-("!����MVI�'
��"��(�!�
��zq"�-("!���15
MVI¨3<'�'�)�0;-(,�� ��-�,��D���89;:�,('�=�'�MV'�MV��,�� ��@
)(��MV��,(-;}1



ä�åùä�å��eì½èWñ���éLçWèWñ�é ì½ã�ê	í�é+è�êWé �
GV-("
���ñ�� ¥ "�'�����,(,('�"!��-¦'D0;,('�MV��)�5
,('�=�' 0;@�-� *��,(-�#�%()(-�)�� 7!9;-(�(,(IBw
7>,��8�(��,(-�#�w %(' 9;,('�y���,(��)(=�-(-

E%()(-�7D�802�
,(,('�M
U(x)

���)(-
E > E2���
"!��-(4��?MV'8 ��!�?,��8wF'>0;-���:�"$#&@*9;.¢5

��'�y���'
�(3��
N��9�#
0 < E = E3 <

E2

0;@�-� ���,(-(�E'�"!� �
�!��"�#n-(,(K�-(,(-�� 5
,(I�M zq���
"!��-(4���MN'D ��!��C�y���-E,������!"15
3�'�,(���(,('�"!��:<}1ON'>0;,��
3�'�%('8#(@ 9�#(.���"$#
0;@��`��'��(3(- %('�@
'�)('
�
�

a3

-
b3

O¢-
'�� 92�
"!��:

a3 < x < b3
,(�10;'�"!�
C�%�,��

0(9�#¡���
"!��-(4(IS"���,(��)(=�-(��y
E3

	�V"15
9;-
��,(��)(=�-�#����
"!��-(4(I�'�=�)��
,(-(�(��,��
E5 < E < 0

O
��'�0;@�-� ���,(-(�¢K�-(,(-�� 5
,('�-�)�� 7>)(�!+���,(,�� #/'�� 92�
"!��: 0;@�-�5
 *��,(-�#*'�=�)��
,(-(�(��,�����'��(3��
MV-?%('
@�' 5
)('
�
�

a4

O
b4

����
"!��-(4��§,(��MV'D ��!�
-(MN�1��:��,(��)(=�-(.

E < E5



JLK15
T = m~̇r 2/2 � >�;�F�5&:�;�<�5�=&>	?�@b��F�5�8�J&;	@pf

E � \�7�T1F�?�@ AC5EDG?�F�;�<�5�=&>	?�@
��F�5�8�J&;	@d<�?�=O:�;�ú�a�v

ó��Ió���Ùq��ßC� � Þ��£ßC�NÞX��ÝVàö�/ÞPß£à~Þ

è R è R è R��BW<Y;kHã^ê
��:�798�79UuZ�?�>�79Fbø�m�{y:�79F�? H¸Å�vùÅ�YqP�=ET�[�<�?$5z7�KWF�7�A05�8�F�79JO7�KWP�;	c]5�F�;	@�\�8�;

\�79=O:�7�@�F�F�79UzAe?�=&=O5
m = const

m
d2x

dt2
= F
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F (x, t)
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mẋ2

2
+ U(x) = E
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x(t)
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t− t0 = ±
√

m

2

x
∫

x0

dx
√

E − U(x)
.
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x(t)
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U(x) − E = 0 .
H¸Å�v���Y
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a
;
b
KWP�;	c]5�F�;�5]P�7�R�TW?�=O:�;

a ≤ x ≤ b
F�?�Z�aÂP9?$5&:�=�@�_�;�F�;�:9F�ayAhfg5�=ET1;

U(x) ≤ E
vp� 8�5OZ&[�T1m�:$?$:�5�;�AC5&5�A
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τ =
√

2m
b
∫

a

dx
√

E − U(x)
.
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U(x) = kx2/2
v

! «�´�£E«#"
x(t) =

√

2E/k sin
{

±
[

√

k/m (t− t0)
]

+ ϕ
} f�JLK15

ϕ =

arcsin
(

x0/
√

2E/k
) v
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U(x) =

A · { exp(−2αx)− 2 exp(−αx)} v& `\�8�5EK15OT1;�:�mqAe?�>G=&;�Ae?�T1m�F	[�{�=&>�798�79=O:�mKWP�;	ck5�F�;	@pvMø�?�8�;�=O79P9?$:�mqZ�?�P�;�=&;�AC79=O:�;
x(t)

v
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vmax =
√

2(E + A)/m
�

x(t) =
1

α
ln











A−
√

A(A− |E|) cos
(

α t
√

2|E|/m+ C
)

|E|











, E < 0 ;

x(t) =
1

α
ln











A−
√

A(A+ E) cosh
(

α t
√

2E/m+ C
)

E











, E > 0 ;

x(t) =
1

α
ln







m+ 2Aα2(t+ C)2

2m







, E = 0 .
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U(x) = α |x| fg��F�5�8�J&;	@<�?�=O:�;�ú�a 8�?�P�F�?

E
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τ = 4
√

2mE/α
v
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M = 6 · 1024 >�J·f
R = 6400
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τ = 2π
√

R3/GM ≈ 84,8
A3;�Fgf
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G = 6,673 · 10−11 A 3 / >�J · = 2 � J&8�?�P�;�:�?�ú�;�79F�F�?�@ \�79=O:�7�@�F�F�?�@p�

vmax =
√

GM/R ≈ 7,91
>�A / =�v
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L = 2R
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τ = 2π

√

R3/GM
�
vmax =

L

2R

√

GM/R ≈ L

2R
7, 91
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m
Pr\�7$t

T�5
U(x)

P�R�T1;	Z�;l:�79<�>�;l79=O:$?�F�79P�>�;
x = a

\�8�; =ET�5EK�[�{sj];GDÀ[�=ET�79P�;	@	Dg}
5 Y U ′(a) = 0

f
U ′′(a) 6= 0

�61MY
U ′(a) = 0

f
U ′′(a) = 0

f
U ′′′(a) 6= 0

� ´�Y
U (i)(a) = 0 (i = 1, ..., n− 1)

f
U (n)(a) 6= 0
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¦GY

x(t) = a+ (x0 − a) exp
{

±t
√

−U ′′(a)/m
}

;

1MY
x(t) = a+ sign[U ′′′(a)]

{

t
√

|U ′′′(a)|/12m+ |x0 − a|−1/2
}−2

;

´9Y
x(t) =



















a+
{

∓βt
√

−U (n)(a)/mn! + (x0 − a)−β
}−1/β

, (n � <�5&:�F�ah5
)

a+
{

βt
√

|U (n)(a)|/mn! + |x0 − a|−β
}−1/β

, (n � F�5�<�5&:�F�ah5
)
,

ZOK15�=&m
β = (n− 2)/n
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E = 2mgR
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ϕ(t) = −π + 4 arctg



exp
{

± t
√

g/R
}

tg
ϕ(0) + π

4
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U(x)
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δU(x)
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x(t) = x0(t) − ẋ0(t) δt(x0(t)) ,
J�K15

δt(x) =
1

2

√

m

2

x
∫

a

δU(x) dx

[E − U(x)]3/2
;

|δU ′(x1)| � |U ′(x1)| ,
JLK15
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U(x) = mω2x2/2
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δU = mαx3/3
�91½Y

δU =

mβx4/4
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) δx(t) =

εa

3
(2 cos ωt− cos2 ωt− 1),
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∣

∣

∣

∣

δU

U

∣

∣

∣

∣

∣

≤ ε =
αa

ω2
� 1 ,

J�K15
a � :�79<�>	?�\�79P�798�7�:$?��

1
) δx(t) =

εa

8
(12ωt cos ωt−7 sin ωt−sin 3ωt),

βa2

4ω2
� 1, a =

√

√

√

√

2E

mω2
.
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ϕ0
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τ = 2π

√

l/g (1 + ϕ2
0/16)
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√

√

√1 +
2mβ

L2

v

��v�3ö?�=&=&<�;�:$?$:�m�:�8�?$5�>�:�798�;�{ <�?�=O:9;�ú�auP�\�7�T�5
U(r) =

α

r
− β

r2
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β < L2/2m
KWP�;	c]5�F�;�5k;�F�_�;�F�;�:9F�7�59}

r =
p

e cos [γ(ϕ− ϕ0)] − 1
, E > 0 ,

J�K15
p =

2

α





L2

2m
− β





f
e =

√

√

√

√1 +
2Ep

α

f
γ =

√

√

√

√1 − 2mβ

L2

�

1EY K�T�@z=ET�[�<�?�@
β > L2/2m

;�AC5&5�Ah}

r =
p′

e′ sh [γ′(ϕ− ϕ0)] + 1
, E > Umax ,

r =
p′

1 ± e′′ ch [γ′(ϕ− ϕ0)]
, E < Umax ,

r =
p′

1 ± exp [−γ ′(ϕ− ϕ0)]

;	T1;
r = p′ , E = Umax ,

J�K15
p′ =

2

α



β − L2

2m





f
e′ =

√

√

√

√

2Ep

α
− 1

f
γ′ =

√

√

√

√

2mβ

L2
− 1

f
e′′ =

√

√

√

√1 − 2Ep

α

f
Umax =

α2

4(β − L2/2m)

�

´OY K�T�@z=ET�[�<�?�@
β = L2/2m

}
r =

α/E

1 −mα2(ϕ− ϕ0)2/2L2E
.
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U(r) = −α exp(−r/rD)/r

�Z1EY
U(r) =

−V exp(−r2/r2
D) ; ! «�´�£E«�}

¦&Y
L2 < (2 +

√
5 ) exp







− 1 +
√

5

2







αmrD ;
1EY
L2 <

8mV r2
D

E2
.
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U(r) = −α

r
+
β

r2
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∆ϕ
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r = rmin

Y+f0\�5�8�;�7�K 8�?�KW;�?�T1m�F�anD�>�7�T�5&R�?�F�;�U
τr
;Á\�5�8�;�7�K 7�R98�?�jk5�F�;	@

τϕ
vew`8�;Á>	?�>�;GD [�=ET�79P�;	@	D�:�8�?$5�>�:�798�;	@uR�[�K15&:
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r =
p

e cos [γ(ϕ− ϕ0)] + 1
(p, e, γ

79\�8�5EK15OT�5�F�a�P]Z�?�KM?�<�5kÇ�v
);

τr =
πα

√
m

(2|E|)3/2
, τϕ = γτr , ∆ϕ =

2π

γ
.
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R = 6370
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5.5

J / =�A 3 ��R�7�T1m�^q?�@d\�7�T�[979=&m
Z�5�ACF�79UÀ798�R9;�:�a

a = 149
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τ = 365.25
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4π2a2m/(τ 2r2)
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1, 97 · 1033 J·v
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r2 = a cos (2ϕ)
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r = r0
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α
=¡\�89@1AC79Ugf
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U(r)
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U = − L2a2

2mr6
= −ma

2

2r6
r2
0v

2
0 sin2 α

v
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U(r) = −α

r
− β

r3

H
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m1 � Ae?�=&=�?=�M5�A0T1;gf
m2 � Ae?�=&=�? a [�F�a|Y+vw `\�8�5EK15OT1;�:�m\�8�79;�=�D�7�K�@�jk5&5";	ZOt Z�?zP�:�798�79JO7¡=ETW?�JE?$5�AC79JO7Ã=�AC5�jk5�F�;�5�\�5�8�;�JO5OT1;	@lZ�?z=O:�7
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a = 380
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δϕ =

6πβ

αr2
=

3π

2

m2

m1

(

a

r

)2

× 100 = 7, 7′′
v
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Lx
f
Ly
f
Lz

;q?$R9=O7$t
T1{y:9F�79UzP�5OT1;�<�;�F�a AC7�AC5�F�:$?q;�A3\	[�T1m�=�?q<�?�=O:�;�ú�a |~L| P�}p¦&Y ú�;	T1;�FGKW8�;�<�5Et=&>�;GDX>�7�798�KW;�F�?$:$?�D

r, ϕ, z
��1EYn=&_`5�8�;�<�5�=&>�;GDX>�7�798�KW;�F�?$:$?�D

r, θ, ϕ
v ! «�®
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¦&Y






























Lx = m sinϕ (rż − zṙ) −mrzϕ̇ cosϕ
Ly = m cosϕ (zṙ − rż) −mrzϕ̇ sinϕ
Lz = mr2ϕ̇

L2 = m2r2ϕ̇2(r2 + z2) +m2(rż − zṙ)2

;

1EY






























Lx = −mr2(θ̇ sinϕ+ ϕ̇ sin θ cos θ cosϕ)

Ly = mr2(θ̇ cosϕ− ϕ̇ sin θ cos θ sinϕ)
Lz = mr2ϕ̇ sin2 θ

L2 = m2r4(θ̇2 + sin2 θϕ̇2)

.
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c = const
Y+}y¦&Y

r = cϕ
�1EY

r = c/ϕ
�

´OY
r = c · exp(−ϕ)
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¦&Y
U = − L2

2m





c2

r4
+

1

r2



 ;
1EY
U = − L2

2mr2
;

´OY
U = − L2

mr2
.
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U(r) =

{−U0, r < r0
0, r > r0

v ! «�´�£E«�}

r =



















L
/[√

2m(E + U0) cos(ϕ+ c)
]

, r < r0

L
/[√

2mE cos(ϕ+ c)
]

, r > r0

.
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v0
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F�5&R98�5�<�m�v�w`8�;]>G?�>�;GDkZ�F�?�<�5�F�;	@	D

v0
;
β
:�5OT�7i79>	?�c]5&:�=�@qPyKW;�?�AC5&:�8�?�T1m�F�7

\�8�7�:�;�P�79\�7�T�7�c�F�79Uz:�79<�>�5kF�?�\�79P�5�8�D�F�79=O:�;%�M5�A0T1; ;
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s = 2R arccos [(1 − p/R)/e] ,
JLK15

e2 = 1 − (2 − k) cos2 β
f

p = kR cos2 β
f
k = v2

0/gR
�

t =
2p2

1 − e2

√

√

√

√

1

GMp











e sinϕ0

1 + e cosϕ0
− 2√

1 − e2
arctg

√

√

√

√

1 − e

1 + e
tg ϕ0











,

J�K15
ϕ0 =

1

2
arccos

(

p−R

eR

) � \�8�;
v0 =

√
gR

;
β = (0, π)

;�AC5&5�A

s = πR
v
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v0
v�w`8�;]>	?�>�7�AzZ�F�?�<�5�F�;�;¤[�J+t

TW?
β
AC5OcqK�[XF�?�<�?�T1m�F�79U�=&>�798�79=O:�m�{�;X>	?�=�?$:�5OT1m�F�79U�>
�M5�A0T�5|KM?�T1m�F�79=O:�m

\�7�T�5&:�?rAe?�>G=&;�Ae?�T1m�F�?�\�8�;q[�=ET�79P�;�;gf�<�:�7r:�5OT�7�[�\�?�K15&:rF�?@�M5�A0T1{kv��n8�?�jk5Et
F�;�5`\	TW?�F�5&:�a F�5s[�<�;�:�aÂP9?$:9m�v ! «�´�£E«q}

β = arccos
√

Rg/(2Rg − v2
0)
f	JLK15

g = GM/R2 8*8 [�=&>�798�5�F�;�5�=&;	T1aN:�@�ck5�=O:�;�HI\�8�;
v0 � √

Rg −→ β '
π/4

Y+v
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T1;]\�7s798�R9;�:�5ÂP�79>�8	[�J^+n7�T1F�ú�?�v*7i5�A0[¤8�?�P�F�?|=&8�5EKWF	@�@]=&>�798�79=O:�myKWP�;	c]5�F�;	@
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vmax =
2πa⊕
τ⊕

√

√

√

√

1 + e

1 − e
= 30, 3

>�A / = , vmin =
2πa⊕
τ⊕

√

√

√

√

1 − e

1 + e
= 29, 3

>�A / = ,
v
=&8

=
2πa⊕

τ⊕
√

1 − e2
= 29, 8

>�A / = .
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K�T�@ ¦&Y¤ú�;	T1;�FGKW8�;�<�5�=&>�79U

=&;�=O:�5�A3a >�7�798�KW;�F�?$:
(r, ϕ, z)

;`1EY�=&_`5�8�;�<�5�=&>�79U =&;�=O:�5�A3a)>�7�798�KW;�F�?$:
(r, θ, ϕ)
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mr̈ = mrϕ̇2 + Fr
mrϕ̈ = −2mṙϕ̇+ Fϕ
mz̈ = Fz

;

1EY
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r < a
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U = 0
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r > a
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dσ = πa2 sinχdχ/2
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σ = πa2 v
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U(r) =

{

U0, r < a

0, r > a
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dσ = π















a2n2
(

n cos
χ

2
− 1

) (

n− cos
χ

2

)

2 cos
χ

2

(

1 + n2 − 2n cos
χ

2
− 1

)2 +
a2
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sinχdχ, E > U0,
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n =

√

√

√

√1 − U0

E

f
0 < χ < 2 arccosn

f�\�8�;
E < U0
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ρ(x)

}e¦&Y
ρ = b sin(x/a)

f
0 ≤ x ≤ πa

��1EY
ρ = Axn

f
0 < n < 1

�6´OY
ρ = b− a2/x

f
a2/b ≤ x <∞ v ! «�´�£E«�}
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dσ =

πa2 sinχdχ

2 cos4(χ/2)
,

5�=ET1;
0 < χ < 2 arctg

b2

a2
;

1EY
dσ = A2/(1−n)

(

n ctg
χ

2

) 1+n
1−n 2π dχ

(1 − n) cos2(χ/2)
;

´OY
dσ =

b

2

(

a

√

tg
χ

2
− b

)

πdχ

sin2(χ/2)
,

5�=ET1;
0 < χ < 2 arctg

b2

a2
.
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ρ =
√

αx/E
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v1 =
Eρ v0√
α2 + E2ρ2

, v2 =
α v0√

α2 + E2ρ2
,
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E =

mv2
0

2
.
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α(R− r)/(Rr), r < R

0, r > R
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dσ =
πR2(1 + λ) sinχdχ

2
[

1 + λ sin2(χ/2)
]2 ,
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λ = 4RE

RE + α

α2

v
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U(r) = V · ln(1 + a2/r2)
v ! «�´�£E«q}

dσ =
a2χ2

m(χm − χ)

χ3(2χm − χ)2
,

\�8�;
χ ≤ χm =

πV

E
.
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U =

me~r ~d/r3 Y+v ! «�´�£E«�} dσ =
2πe|~d⊥| sinχdχ

8Eχ3
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dσ =

(

2eg

mcv

)2 2π sinχdχ

χ4
.
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U(r) = α/rn
H
n > 0

Y+v
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dσ =

1

n







2
√
π Γ((n+ 1)/2)

Γ(n/2)

α

mv2
∞







2/n

χ2(n+1)/n2π sinχdχ
v

Å�È�vgø�?�U�:�;lKW;�_�_`5�8�5�F�ú�;�?�T1m�F�7�5Ã=O5�<�5�F�;�5X8�?�=&=O5O@1F�;	@ �OT�5�>�:�8�79F�79PÀF�?�Ae?�T1ah5
[�JLT1a�P�\�7�T�5kAe?�J&F�;�:�F�79JO7qKW;�\�7�T�@Ã=rAC7�AC5�F�:�7�A

~µ
v
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dσ =

eµ

mcv∞

π sinχdχ

χ3
,

\�8�;
~µ ⊥ ~v∞

v
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1 − Ze2
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 , E0 >
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R

0 , E0 <
Ze2
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~rj = ~exxj + ~eyyj + ~ezzj , (j = 1, ..., N) ,
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F�7�;
K = 3N
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qi = qi(~r1, ... ~rN , t) (i = 1, ..., K) .
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L = T (q̇1, ..., q̇K , q1, ..., qK , t) − U(q1, ..., qK , t)
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∂L
∂q̇i

=
∂L
∂qi

(i = 1, ..., K) ,
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L′(~q, ~̇q, t) = L(~q, ~̇q, t) +
d

dt
f(~q, t) ,
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Qi = −∂U
∂qi

.
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U(a~r1, ..., a~rN) = aNU(~r1, ..., ~rN)
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〈f〉 = lim
t→∞

1

t

t
∫

0

f(t′) dt′ .
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U = U(~q, ~̇q, t)
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U(~q, ~̇q, t) = U0(~q, t) −
K
∑

k=1

Ak(~q, t)q̇k ,
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Qi = −∂U0

∂qi
− ∂Ai

∂t
+

K
∑

k=1

q̇k

(

∂Ak

∂qi
− ∂Ai

∂qk

)

.
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~Q = ~F = −~∇U0 −
∂ ~A

∂t
+
[

~v × rot ~A
]

,
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d

dt

∂T

∂q̇i
− ∂T

∂qi
= Qi (i = 1, ..., K) .
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[
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(
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Ð	åùä�å0æ6çgâ�ã�èWé+è�ê	ëxà�â��3ê�áON�ï$ñ�èWâ	åBÞ�Ã�ñ*Û¢Ã�êCçÂ�â.���Oñ�èWâ � Ð
�nP�5EK15�AÁ=&>�7�R9>�;Ãws[�?�=&=O79F�? � }

{g, f} =
N
∑

i=1

(

∂g

∂pi

∂f

∂qi
− ∂g

∂qi

∂f

∂pi

)

,
Hh��v���Y

JLK15
g(~q, ~p, t)

;
f(~q, ~p, t) � \�8�79;	Z�P�7�T1m�F�ah5�_i[�F�>�ú�;�;"KW;�F�?�A3;�<�5�=&>�;GDX\�5�8�5Et

AC5�F�F�anDgvw�iF�?�T�79J&;�<�F�7�=O:�8�7�@�:�=�@¡=&>�7�R9>�;¡ws[G?�=&=O79F�?qK�T�@x\�?�8�a�P�5OT1;�<�;�F
H
;

f
v�¾rT�@d\�7�T1F�79Ud\�8�79;	Z�P�7�KWF�79UÃAC7�c�F�7�Z�?�\�;�=�?$:�m

df

dt
=
∂f

∂t
+ {H, f} . Hh��v��9Y

À3=ET1;¤;�F�:�5�J&8�?�TrKWP�;	c]5�F�;	@]F�5eZ�?�P�;�=&;�:Â@�P�F�7y7�:|P�8�5�AC5�F�;gf&:�7 {H, f} = 0
v

� ?�c�F�5�U�^k5&5k=&P�79U�=O:�P�7"=&>�7�R�79>xws[G?�=&=O79F�?]Z�?�>	T1{s<�?$5&:�=�@xP�:�7�AhfW<�:�7�5�=ET1;
f
;

g
@�P$T�@�{|:�=�@ ;�F�:�5�J&8�?�TW?�A3; KWP�;	c]5�F�;	@pf3:�7l=&>�7�R9>G?�ws[G?�=&=O79F�?Ã7�:ÀF�;GDÁ:$?�>	c]5

@�P$T�@�5&:�=�@d;�F�:�5�J&8�?�T�7�A KWP�;	c]5�F�;	@pf�:�v 59v {f, g} = const
v


 R è R õ R	�Nr�fcr<âHã
Å�v��½?�\�;�=�?$:9m�_i[�F�>�ú�;�{ F ?�A3;	T1m�:�79F�?bK�T�@�7�KWF�79U�Ae?$:�5�8�;�?�T1m�F�79U�:�79<�>�;QP
¦�YkK15�>	?�8�:�79P�anD

(x, y, z)
f,1MY�ú�;	T1;�FGKW8�;�<�5�=&>�;GD

(r, ϕ, z)
;ý´9Y�=&_`5�8�;Gt

<�5�=&>�;GD�>�7�798�KW;�F�?$:$?�D
(r, θ, ϕ)

v ! «�´�£E«�}
¦GY
H =

1

2m

(

p2
x + p2

y + p2
z

)

+ U(x, y, z) ,

1MY
H =

1

2m



p2
r +

p2
ϕ

r2
+ p2

z



 + U(r, ϕ, z) ,

´�Y
H =

1

2m



p2
r +

p2
θ

r2
+

p2
ϕ

r2 sin2 θ



 + U(r, θ, ϕ) .

É	vgø�?�U�:�; _i[�F�>�ú�;�{ F ?�A3;	T1m�:�79F�?�<�?�=O:�;�ú�a P 8�?�P�F�7�AC5�8�F�7ÁP�8�?�jq?�{sjk5�U�=�@
=&;�=O:�5�AC5�7�:�=&<�5&:$?�v ! «�´�£E«�}

H =
p2

2m
− ~Ω [~r ~p ] + U

v

Ç�vgwi79=O:�8�79;�:�m¡_i[�F�>�ú�;�{ F ?�A3;	T1m�:�79F�?x=&;�=O:�5�A3aS;	Z"7�KWF�79U�<�?�=O:�;�ú�a Ae?�=&=&a
M

;
n
<�?�=O:�;�ú]= Ae?�=&=�?�A3;

m
=n;�=&>	T1{s<�5�F�F�ayAdKWP�;	ck5�F�;�5�Axú�5�F�:�8�?s;�F�5�8Gt

ú�;�;gv ! «�´�£E«�}
H =

1

2m

n
∑

a=1

~p 2
a +

1

2M





n
∑

a=1

~pa





2

+ U
v

��Ö2³ ´�º�±!°6©N¬�°8³�°c© Ò ÖïÖ � ¬]eHèAéyêìëSëzéyíªiuj ½  À ° m ¶>¾µº�»8³8¼�´ À ª1¬µ´ À ª1³8»<ÕF´(¬ht À °8³8»<Õ ½ ³8¾�³8» Ç � º�°8±!«!±!Ô8±�Á ±$®�¹°8³8»i´ À ª1¬µ´ À ª1³8·8¬µº�»>±!¼ ½ ³8¾�³8»8³<Õ2ª18¶µ¯±o�Ô8±�´ À ª1¬µ´ À ª1³8·8¬µº�»>±�´(¶ À ° À Á ³8¾�¶!Õ;ª1¬�±!8³8³U«!¬�8±�k8ª1°8±�º�ª1³<Õ;°D¬�¸!¬µº�°8±!¼
´(¬ht À °8³8»�¬!Õus�Á ¬�»8ª18±�º�ª À ª1³8»�¬!Õ^´ À ¿�°8³8ª1³8¾µ´(¶!Õï¿�³D¯ D±$¯ ³8° À ´(³8»>¬!ÕPª1¬�±!8³8³�¶>Ô88¶>¿�±�º�ª1³ Ç ¥;¿�±E³ ´(¬�°8¬µ´¨° À ¾�« À °powq
¶> À «!°8¬�°8³8¬B°c¶ À º�º�±!° À Õ< À º�Ô88¬�¯ ¬�Á ¬�°8³8¬�°c¶ À º�º�±!° À Õ�ª1¬�±!8¬µ´ À °c¶ À º�º�±!° À Õ�º�»>±!¸!»8³�°c¶ À º�º�±!° À Õ<»>±ys ½V½ ³ m ³8¬�°8ª°c¶ À º�º�±!° À Õ>³8°8ª1¬�¿� À Á®°c¶ À º�º�±!° À Ç



Î1Ï à9áMâ�ãGâMÐ	åBÁ�ñ&çY��â�á�êO½��bà�â��3ê�áON9ï$ñ�èWâ
��v� `\�8�5EK15OT1;�:�m�_i[�F�>�ú�;�{ F ?�A3;	T1m�:�79F�? ?�F�JE?�8�AC79F�;�<�5�=&>�79JO7 79=&ú�;	T�T�@�:�798�?�f
_s[�F�>�ú�;	@ a ?�J&8�?�F	cq?�>�7�:�798�79JO7 L =

ẋ2

2
− ω2x2

2
− αx3 + βxẋ2 v

! «�´�£E«�}
H =

p2

2(1 + 2βx)
+
ω2x2

2
+ αx3 v

�	vgø�?�U�:�;XZ�?�>�79F"KWP�;	c]5�F�;	@z<�?�=O:�;�ú�a�f1_i[�F�>�ú�;	@ F ?�A3;	T1m�:�79F�?�>�7�:�798�79U

H =
p2

2
+
ω2

0x
2

2
+ λ





p2

2
+
ω2

0x
2

2





2

.

! «�´�£E«�}
x = a cos(ωt+ ϕ) , p = −aω0 sin(ωt+ ϕ)

f
J�K15

ω = (1 + 2λE0)ω0
f
E0 = ω2

0a
2/2

v
��vgwi79=O:�8�79;�:�m]_i[�F�>�ú�;�{ F ?�A3;	T1m�:�79F�?k=&P�7�R�7�KWF�7rKWP�;	c�[�jk5�JO79=�@�=&;�AeAC5&:�8�;�<GtF�79JO7�P�7�T1<�>	?�f�P�ahR98�?�P�P�>G?�<�5�=O:�P�5¤>�7�798�KW;�F�?$:���U	T�5�8�79P�a�[�J�T1a

θ
f
ϕ
f
ψ
v

! «�´�£E«�}
H =

p2
θ

2I1
+

(pϕ − pψ cos θ)2

2I1 sin2 θ
+
p2
ψ

2I3

f9JLK15
Ii � J�TW?�P�F�ah5sAC7�AC5�F�:�a

;�F�5�8�ú�;�;gv
�	v��½?�\�;�=�?$:9m�[�8�?�P�F�5�F�;	@dKWP�;	ck5�F�;	@¡<�?�=O:�;�ú�a�fW_i[�F�>�ú�;	@ F ?�A3;	T1m�:�79F�?�>�7�:�7$t8�79U

H(~p, ~r ) =
cp

n(~p, ~r )

H T�[�<z=&P�5&:$?9Y+f�JLK15
p = |~p | v1ø�?�U�:�;d:�8�?$5�>�:�798�;�{]f

5�=ET1;
n(~r ) = αx

v ! «�´�£E«�}

~̇r =
c ~p

np
− cp

n2

∂n

∂~p
, ~̇p =

cp

n2

∂n

∂~r
; x = C1 ch

(

y

C1
+ C2

)

.

��vgø�?�U�:�;�Z�?�>�79FxKWP�;	c]5�F�;	@�Z�?�89@�ck5�F�F�79U�<�?�=O:�;�ú�a Pd7�KWF�798�7�KWF�7�A Ae?�J&F�;�:�t
F�7�A \�7�T�5 ~H fÂ8�5�^q?�@�[�8�?�P�F�5�F�;	@ F ?�A3;	T1m�:�79F�?�v0De©�¦2E�¦$§�¨W£E}yP�5�>�:�798�F�aÂU\�7�:�5�F�ú�;�?�TxP�ahR98�?$:�m�P�P�;GK15

Ay = H x
f
Ax = Az = 0

v ! «�´�£E«�}

H(x, y, z, px, py, pz) =
p2
x + p2

z

2m
+

1

2m

(

py −
e

c
H x

)2

;

x = a cos(ωt+ ϕ) + x0 , y = −a sin(ωt+ ϕ) + y0 , z =
pz
m
t+ z0 ,

px = −maω sin(ωt+ ϕ) , py = const , pz = const ,J�K15
ω = eH/(mc) f x0 = cpy/(eH)

v
È�vgø�?�U�:�;q[�8�?�P�F�5�F�;	@ F ?�A3;	T1m�:�79F�?iK�T�@�Ae?$:�5�8�;�?�T1m�F�79U�:�79<�>�;gf�KWP�;	c�[�jk5�U�=�@Pk7&KWF�798�7�KWF�7�A�J&8�?�P�;�:$?�ú�;�79F�F�7�A�\�7�T�5�\�7qJ�TW?�KW>�79U"=&_`5�8�;�<�5�=&>�79U"\�79P�5�8�DGt
F�79=O:�;�HI8�?�KW;	[�=¤=&_i5�8�a ;	Z�AC5�F	@�5&:�=L@d\�7�Z�?�>�79F	[

r = r(t)
Y+v ! «�´�£E«�}

H =
1

2mr2(t)



pθ +
p2
ϕ

sin2 θ



− mṙ2(t)

2
−mgr(t) cos θ ;



Ð	åùä�å0æ6çgâ�ã�èWé+è�ê	ëxà�â��3ê�áON�ï$ñ�èWâ	åBÞ�Ã�ñ*Û¢Ã�êCçÂ�â.���Oñ�èWâ Î �

θ̇ =
pθ

mr2(t)
, ṗθ =

p2
ϕ cos θ

mr2(t) sin3 θ
−mgr(t) sin θ ,

ϕ̇ =
pϕ

mr2(t) sin2 θ
, ṗϕ = 0 .

Å2:�v�$z?$:�5�8�;�?�T1m�F�?�@k:�79<�>	?ÂKWP�;	ck5&:�=�@q\�7sJ�TW?�KW>�79Uk\�79P�5�8�D�F�79=O:�;k>�8	[�JO79P�79JO7s>�7$t
F	[9=�?|=�P�5�8�:�;�>	?�T1m�F�79Uk79=&m�{kv�3ö?�=O:�P�798]>�79F	[�=�?yF�?�\�8�?�P$T�5�FkP�P�5�8�Dgf&[�JO7�T]8�?�=+t
:�P�798�?

2α
v��g?�\�;�=�?$:�mq[�8�?�P�F�5�F�;	@ F ?�A3;	T1m�:�79F�?�v ! «�´�£E«�}

H =
p2
r sin2 α

2m
+

p2
ϕ

2mr2
+mgrα ;

ṙ =
pr sin2 α

m
, ϕ̇ =

pϕ
mr2

, ṗr =
p2
ϕ

mr3
−mgα , ṗϕ = 0 .

Å�Å�v1¾¤79>G?�c�;�:�5�=ET�5EK�[�{sj];�5À=&P�79U�=O:�P9?ÀK�T�@ =&>�7�R�79>�ws[G?�=&=O79F�?�}sÅ�Y {f, g} =

−{g, f} f	É�Y { f, C } = 0
f�JLK15

C = Ó?Î.Ô(ÕfÏ fGÇ9Y { f1 +f2, g } = { f1, g }+

{ f2, g }
v

Å�É	vg�nah<�;�=ET1;�:9m�=&>97�R9>�; ws[G?�=&=O79F�?�}�¦GY {Li, xj}
f {Li, pj}

f {Li, Lj}
�]1MY

{~a ~p, ~b~r } f {~a ~L, ~b~r } f {~a ~L, ~b ~L} �h´�Y {~L, ~r ~p } f {~p, rn} f {~p, (~a~r )2} v��K15�=&m
xi
f
pi
f
Li 8*8 K15�>	?�8�:�79P�a�>�7�A3\�79F�5�F�:�a�P�5�>�:�798�79P�f ~a f ~b 8*8 \�79=O:�7$t@�F�F�ah5rP�5�>�:�798�a�v ! «�´�£E«�}

¦GY {Li, ϕj} = −∑

k

eijk ϕk ,
JLK15

ϕj = (xj, pj, Lj) ;

1MY {~a ~p, ~b~r } = ~a~b , {~a ~L, ~b~r } = −[~a~b ]~r ,

{~a ~L, ~b ~L } = −[~a~b ] ~L ;
´�Y {~L, ~r ~p } = 0 , {~p, rn} = −~rnrn−2 , {~p, (~a~r )2} = 2~a(~a~r )

v
��K15�=&m

eijk � \�7�T1F�79=O:�m�{ ?�F�:�;�=&;�AeAC5&:�8�;�<�F�aÂU�:�5�F	Z�798gf
e123 = e231 =

e312 = 1
f
e132 = e321 = e213 = −1

f�79=O:$?�T1m�F�a 5k>�7�A3\�79F�5�F�:�a
eijk

8�?�P�F�a
F	[�T1{kv

Å�Ç�vg�nah<�;�=ET1;�:9m�=&>�7�R9>�;�ws[G?�=&=O79F�? {Ai, Aj}
f�JLK15

A1 = (x2+p2
x−y2−p2

y)/4
f

A2 = (xy + pxpy)/2
f
A3 = (xpy − ypx)/2

f
A4 = x2 + p2

x + y2 + p2
y

v
! «�´�£E«�}

{Ai, Aj} = −∑

k

eijkAk , {Ai, A4} = 0 ,

J�K15
i, j, k 8*8 \�8�;�F�;�A3?�{|:�Z�F�?�<�5�F�;	@�Å�f1É	f1Ç�v



Î � à9áMâ�ãGâMÐ	åBÁ�ñ&çY��â�á�êO½��bà�â��3ê�áON9ï$ñ�èWâ
Å?��vg�nah<�;�=ET1;�:9m {Li, Λjk}

f {Λjk, Λi`}
f�JLK15

Λik = xixk + pipk
v ! «�´�£E«�}

{Li, Λjk} = −∑

`

(eij`Λ`k + eik`Λ`j) ,

{Λjk, Λi`} = δijL`k + δikL`j + δi`Lik + δk`Lij ,
J�K15

Lk` = pkx` − p`xk
v

ÅA�	vg�nah<�;�=ET1;�:9m�=&>�7�R9>�;zws[G?�=&=O79F�? {~f, ~a ~L} f {~f ~L, ~g ~L} f�J�K15 ~a � \�79=O:�7�@�FGt
F�ahUzP�5�>�:�798gf ~f f ~g 8*8 P�5�>�:�798�F�ah5¤_i[�F�>�ú�;�; ~r ; ~p v ! «�´�£E«�}

{~f, ~a ~L} = [ ~f ~a ] , {~f ~L, ~g ~L} = [ ~f ~a ] ~L+
∑

i,k

LiLk{fi, gk} .

Å2��vgø�?�U�:�; {vi, vj}
K�T�@z<�?�=O:�;�ú�a P�Ae?�J&F�;�:�F�7�A \�7�T�5 ~H v ! «�´�£E«�}

{vi, vj} = − e

m2c

∑

k

eijkHk .

ÅA�	v�+�79=O:$?�P�;�:�m"[�8�?�P�F�5�F�;	@ÃKWP�;	c]5�F�;	@�\�8�7�5�>�ú�;�;
Lα

AC7�AC5�F�:$?";�A3\	[�T1m�=�?�F�?
79=&;gfM=&P$@�Z�?�F�F�ah5q=O7�=&P�7�R�7�KWF�7�P�8�?�jq?�{sj];�A3=�@x:�5OT�7�Ahv�¡¤[�F�>�ú�;	@ F ?�A3;	T1m�t:�79F�?

H =
1

2

∑

α, β

(

I−1
)

αβ
Lα Lβ

v ! «�´�£E«�}

L̇α =
∑

β, γ, δ

eαβγ
(

I−1
)

γδ
Lβ Lδ .

Å2��vg¿�?�>x;	Z�P�5�=O:�F�7�f1K�T�@�<�?�=O:�;�ú�aQPX\�7�T�5
U = −α/r =E[�jk5�=O:�P$[95&:X;�F�:�5�J&8�?�T

KWP�;	ck5�F�;	@ ~A = [~v ~L ] − α~r

r

v
¦�Yy�naÂ<�;�=ET1;�:�m�=&>�7�R9>�;Ãws[G?�=&=O79F�? {Ai, Aj}

f {Ai, Lj}
v

1MYz�V=ET�[�<�?$5l_�;�F�;�:�F�79JO7uKWP�;	c]5�F�;	@ H
E < 0

Y�K�T�@�P�5�>�:�798�79P ~J1,2 =
1

2

(

~L±
√

m

−2H
~A

) P�aÂ<�;�=ET1;�:�mk=&>�7�R9>�;Xws[G?�=&=O79F�? {H, ~J1,2}
f {J1i, J2j}

f

{J1i, J1j}
f {J2i, J2j}

;q=&8�?�P�F�;�:�m�;GDq=O7`=&>�7�R9>	?�A3;�ws[G?�=&=O79F�?ÂK�T�@q>�7�A3\�7$t
F�5�F�:¤AC7�AC5�F�:$?�;�A3\	[�T1m�=�? ~L v��naÂ8�?�Z�;�:�m¤_s[�F�>�ú�;�{ F ?�A3;	T1m�:�79F�? H <�5�8�5OZ
~J1
; ~J2

v ! «�´�£E«�}
¦GY {Ai, Aj} = −2H

m

3
∑

k=1

εijkLk , {Ai, Lj} = −
3
∑

k=1

εijkAk ;

1MY


















{H, ~J1,2} = 0 , {J1i, J2j} = 0 ,

{J1i, J1j} = −
3
∑

k=1

εijkJ1k , {J2i, J2j} = −
3
∑

k=1

εijkJ2k ;



Ð	å�J�å0æ6çgâ�ã�èWé+è�êWé�à�â��Cê�áON9ï$ñ�èWâ�î*ïðÃ�ñ*Û�ê Î È

H = − mα2

4
(

~J
2

1 + ~J
2

2

) .

Å�È�vgwi79>G?�Z�?$:�m�f1<�:�7�_i[�F�>�ú�;	@
f = x− p t/m

@�P$T�@�5&:�=�@z;�F�:�5�J&8�?�T�7�A�KWP�;	c]5Et
F�;	@z=&P�7�R�7&KWF�79Ud<�?�=O:�;�ú�a P�7�:�=E[	:�=O:�P�;�5kP�F�5�^]F�;GDd=&;	T6v

É):�v1¾¤79>G?�Z�?$:�m�fö<�:�7zK�T�@ =&>�7�R�79>�ws[G?�=&=O79F�?dP�aÂ\�7�T1F	@�5&:�=�@p}n¦�Y {Li, ~p 2} = 0
�

1MY {Li, ~r 2} = 0
v

É	Å�vg�nah<�;�=ET1;�:9miK�T�@�:�79<�>�;�P�ú�5�F�:�8�?�T1m�F�7�A�\�7�T�5
U(r)

H
r =

√
x2 + y2 + z2

Y
=&>97�R9>�; {Lx, H} f {Ly, H} v�wi79>	?�c�;�:�59f�<�:�7 Lz = {Lx, Ly}

vA�`=&\�7�T1m$Z&[�@
=&P�79U�=O:�P9?]=&>�7�R�79>zws[�?�=&=O79F�?�f	=LK15OTW?�U�:�5rP�aÂP�7�Kz7�R�;�F�:�5�J&8�?�TW?�D�KWP�;	c]5�F�;	@pv

ÑB�SRT� ô �~ÜNÝVß~ÞPß£à~Þ ò Ü � à�Û3�	/��Vß~Ü ~�ñ � �W�Và

 R õ R è R��BW<Y;kHã^ê

¾¤5�U�=O:�P�;�5�79\�8�5EK15OT�@�5&:�=�@d;�F�:�5�J&8�?�T�7�A

S =
t2
∫

t1

L(~q(t), ~̇q(t), t) dt .
Hh��v���Y

wi79=ET�5EKWF�;�U�R�5�8�5&:9=L@XP�K17�T1m]:98�?$5�>�:�798�;�;zAC5OcqK�[�KWP$[�A0@�\�7�T�7�c]5�F�;	@1A3;
~q (1) ;

~q (2) f�>�7�:�798�ah5k=&;�=O:�5�Ae?]Z�?�F�;�Ae?$5&:�PqZ�?�KM?�F�F�ah5¤AC7�AC5�F�:�a P�8�5�AC5�F�; t1
;
t2
v
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J�TW?�=&;�:�}g\	[�=O:�mdPdAC7�AC5�F�:�aQP�8�5�AC5�F�;

t1
;
t2
=&;�=O:�5�Ae?XF�?�D�7&KW;�:�=�@�P�\�7�T�7�c]5Et

F�;	@	Dgfg>�7�:�798�ah5�79\�8�5EK15OT�@�{|:�=L@À=O7�7�:�P�5&:�=O:�P�5�F�F�7z>�7�798�KW;�F�?$:$?�A3;
~q (1) ; ~q (2) v

4679JLKM?�;�=O:�;�F�F�?�@Ã:�8�?$5�>�:�798�;	@zKWP�;	c]5�F�;	@�AC5OcqK�[d�&:�;�A3;Ã\�7�T�7�c]5�F�;	@1A3;Ã=O7�7�:�t
P�5&:�=O:�P$[95&:�A3;�F�;�Ae?�T1m�F�7�A0["Z�F�?�<�5�F�;�{�;�F�:�5�J&8�?�TW?dHh��v���Y+v

X`8�?�P�F�5�F�;�5 F ?�A3;	T1m�:�79F�? 8	ò >97�R9;z;�AC5&5&:�P�;GK
∂S

∂t
+H

(

q1, q2, ..., qN ,
∂S

∂q1
,
∂S

∂q2
, ...,

∂S

∂qN
, t

)

= 0 .
HË��v��9Y

 `F�7d\�7�T�[�<�?$5&:�=�@�;	Z�79\�8�5EK15OT�5�F�;	@xK15�U�=O:�P�;	@bHh��v���Y dS
dt
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�ý�&:�7�A =ET�[�<�?$5�K15�U�=O:�P�;�5�Z�?�P�;�=&;�:z7�:ÃP�8�5�AC5�F�;�PÃ=ET�5EK�[�{sjk5�A =�A3aÂ=ET�59}6=&<�;Gt
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~q (2) Pz8�?�Z&T1;�<�F�ah5XAC7�AC5�F�:�a
P�8�5�AC5�F�;

t2 = t
vö� [�8�?�P�F�5�F�;�;bHh��v��9Yi;�=&\�7�T1m$Z&[�5�A _i[�F�>�ú�;�{ F ?�A3;	T1m�:�79F�?�f6P
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F�ah5¤_i[�F�>�ú�;�;

S
\�7�=O7�7�:�P�5&:�=O:�P$[�{sj];�A >�7�798�KW;�F�?$:�?�Ahv

� :�7�A.=ET�[�<�?$59f�5�=ET1; >�7�798�KW;�F�?$:$?
qn

; ∂S

∂qn

P�D�7�K�@�:NPQ[�8�?�P�F�5�F�;�5

F ?�A3;	T1m�:�79F�? 8	ò >�7�R9;�:�7�T1m�>�7 PÁP�;GK15ÀF�5�>�7�:�798�79U >�7�ACR9;�F�?�ú�;�; ϕ

(

qn,
∂S

∂qn

) f
F�5r=O7�K15�89c�?�jk5�U�KW8	[�J&;GD�>�7�798�KW;�F�?$:�f�:�7�P�7�Z�AC7�c�F�7�8�?�ZOK15OT�5�F�;�5�\�5�8�5�AC5�F�F�anDgv
� 8�5OZ&[�T1m�:$?$:�5`7�:�F�79=&;�:�5OT1m�F�7�\�5�8�5�AC5�F�F�79U

qn
\�7�T�[�<�?$5�A 7�R9aÂ>�F�79P�5�F�F�7�5|KW;�_st

_`5�8�5�F�ú�;�?�T1m�F�7�5Â[�8�?�P�F�5�F�;�59f�?i79=&F�79P�F�7�5h[�8�?�P�F�5�F�;�5|Pr<�?�=O:�F�anD�\�8�79;	Z�P�7�KWF�anD
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 R õ R õ R	�Nr�fcr<âHã
Å�vgø�?�U�:�;kK15�U�=O:�P�;�5yAe?$:�5�8�;�?�T1m�F�79Uq:�79<�>�;gf$KWP�;	c�[�jk5�U�=L@�Pi7�:�=E[	:�=O:�P�;�5|\�7�T�@
;d\�8�7�D97�K�@�jk5�Ud<�5�8�5OZr:�79<�>�;

~r1 = ~r (t1)
;
~r2 = ~r (t2)

v ! «�´�£E«�}

S =
m (~r2 − ~r1)

2

2 (t2 − t1)
.

Hh��vÿÈ9Y

É	vgø�?�U�:�;�K15�U�=O:�P�;�5iK�T�@�7�KWF�7�AC5�8�F�79JO7�JE?�8�AC79F�;�<�5�=&>�79JO7q79=&ú�;	T�T�@�:�798�?�f�\�8�7$t
D97�K�@�jk5�JO7�<�5�8�5OZr:�79<�>�;

x1 = x(t1)
;
x2 = x(t2)

v ! «�´�£E«�}

S =
mω

2 sinω(t2 − t1)

[

(x2
1 + x2

2) cosω(t2 − t1) − 2x1x2

]

,

\�8�;
ω → 0

\�7�T�[�<�?$5�A
S =

m (x2 − x1)
2

2 (t2 − t1)
,

<�:�7�=O79P�\�?�KM?$5&:�=�Hh��vÿÈ9Y+v
Ç�vgø�?�U�:�;zK15�U�=O:�P�;�5¤K�T�@ÃZ�?�89@	KM?�f�KWP�;	c�[�jk5�JO79=�@xP�7�KWF�798�7�KWF�7�A�Ae?�J&F�;�:�F�7�A
\�7�T�59v ! «�´�£E«�}

S =
m

2







(∆z)2

∆t
+
ω

2
ctg

ω∆t

2

[

(∆x)2 + (∆y)2 + ω(x1 y2 − x2 y1)
]







,

J�K15
ω = eH/mc f ∆t = t2 − t1

f
∆x = x2 − x1

f
∆y = y2 − y1

f
∆z = z2 − z1

v
��vgø�?�U�:�;x\�7�T1F�ahU¡;�F�:�5�J&8�?�Tx[�8�?�P�F�5�F�;	@ F ?�A3;	T1m�:�79F�? 8	ò >�7�R9;x;dZ�?�>�79F�KWP�;Gtck5�F�;	@xAe?$:�5�8�;�?�T1m�F�79Ud:�79<�>�;zP�7�:�=E[	:�=O:�P�;�5k\�7�T�@6v ! «�´�£E«�}

S = −|~p0|2
2m

t+ ~p0 ~r , ~r = ~r0 +
~p0

m
t .
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�	v�+�79=O:$?�P�;�:�mx[�8�?�P�F�5�F�;�5 F ?�A3;	T1m�:�79F�? 8	ò >�7�R9;lK�T�@ :�79<�>�;gföKWP�;	c�[�jk5�U�=�@ÁP7&KWF�798�7�KWF�7�A�J&8�?�P�;�:�?�ú�;�79F�F�7�A�\�7�T�59vqø�?�U�:�; \�7�T1F�aÂU ;�F�:�5�J&8�?�TS�&:�79JO7
[�8�?�P�F�5�F�;	@pf�?q:$?�>	c]5¤:�8�?$5�>�:�798�;�{�;XZ�?�>�79F"KWP�;	c]5�F�;	@z:�79<�>�;gv ! «�´�£E«�}

S = −E0t+ α1x+ α2y −
[

2m(E0 −mgz) − α2
1 − α2

2

]3/2

3m2g
,

z = z0 −
m2g

4





(x0 − x)2

α2
1

+
(y0 − y)2

α2
2



 ,

x = x0 −
α1

m
(t0 − t), y = y0 −

α2

m
(t0 − t), z = z0 −

g

2
(t0 − t)2,

J�K15
x0 = x(t0)

f
y0 = y(t0)

f
z0 = z(t0) = (2mE0 − α2

1 − α2
2)/(2m

2g)
f

α1 = const
f
α2 = const

v

��vgø�?�U�:�;k\�7�T1F�aÂU];�F�:�5�J&8�?�T][�8�?�P�F�5�F�;�5 F ?�AC;	T1m�:�79F�? 8	ò >�7�R9;rK�T�@k:�5OTW?�f&KWP�;Gtcq[�j]5�JO79=L@�\�7�JLTW?�KW>�79U�F�?�>	T�79F�F�79Ud\	T�79=&>�79=O:�;gf�=O79=O:�?�P$T�@�{sjk5�U"[�JO7�T
α
=

JO798�;	Z�79F�:�7�Ahv ! «�´�£E«�}

S = −E0t+ p0y +

[

2mE0 − p2
0 + 2m2gx sinα

]3/2

3m2g sinα
.

�	vgø�?�U�:�;�\�7�T1F�aÂU�;�F�:�5�J&8�?�T�[�8�?�P�F�5�F�;	@ F ?�A3;	T1m�:�79F�? 8	ò >�7�R9;ÃK�T�@�Ae?$:�5�Ae?�t:�;�<�5�=&>979JO7�Ae?�@�:�F�;�>	?�;�5�JO7qZ�?�>�79F"KWP�;	c]5�F�;	@zP�>�P9?�KW8�?$:$[�8�59v ! «�´�£E«�}

S = −E0t+
∫

√

2ml2(E0 +mgl cosϕ) dϕ ,

t− t0 =
1

2

∫

√

√

√

√

√

2ml2

(E0 +mgl cosϕ)
dϕ .
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K15�>G?�8�:�79P�anDl>�7�798�KW;�F�?$:$?�D1Y+v0ør?�U�:�;À:$?�>	ck5�Z�?�>�79F¡KWP�;	ck5�F�;	@l�OT�5�>�:�8�79F�?
;�5�JO7z:�8�?$5�>�:�798�;�{kvÖDe©�¦2E�¦$§�¨W£E}0P�ahR98�?$:�mxP�5�>�:�798�F�aÂU \�7�:�5�F�ú�;�?�TuPÃP�;GK15
~A = −H y ~nx

v ! «�´�£E«�}

S = −E0t+ α1x+ α2z +
∫

√

√

√

√ 2mE0 − α2
2 −

(

α1 −
e0

c
Hy

)2

dy ,

x = x0+
p⊥c

e0H
cosω(t−t0), y = y0−

p⊥c

e0H
sinω(t−t0), z = z0+

α2

m
(t−t0),



Î1× à9áMâ�ãGâMÐ	åBÁ�ñ&çY��â�á�êO½��bà�â��3ê�áON9ï$ñ�èWâ

(x− x0)
2 + (y − y0)

2 =

(

c p⊥
e0H

)2

,

J�K15
ω = e0H/mc

f
y0 = α1c/e0H

f
p⊥ =

√

2mE0 − α2
2

f
α1 = const

f
α2 = const

f
e0 = −e H e � Z�?�89@	Kz�OT�5�>�:�8�79F�?9Y+v

È�vgø�?�U�:�;�\�7�T1F�aÂU�;�F�:�5�J&8�?�T�[�8�?�P�F�5�F�;	@ F ?�A3;	T1m�:�79F�? 8	ò >�7�R9;�K�T�@ Z�?�8�@	KM?�fKWP�;	cq[�j]5�JO79=L@zP�\�79=O:�7�@�F�F�7�A ;�7�KWF�798�7�KWF�7�A Ae?�J&F�;�:�F�7�A \�7�T�5 H HIP�ú�;Gt
T1;�FGKW8�;�<�5�=&>�;GD >97�798�KW;�F�?$:$?�D1Y+vnwi7�T�[�<�;�:�m�Z�?�>�79FlKWP�;	c]5�F�;	@b;Á:�8�?$5�>�:�7$t
8�;�{�P]>�P9?�KW8�?$:$[�8�?�Dgv�De©�¦2E�¦$§�¨W£E}�P�ahR98�?$:�mqP�5�>�:�798�F�aÂUX\�7�:�5�F�ú�;�?�TzP]P�;GK15
~A = −H

2
r ~nϕ

v ! «�´�£E«�}

S = −E0t+ α1ϕ+ α2z +
∫

√

√

√

√ 2mE0 − α2
2 −

(

α1

r
+
e0

2c
Hr

)2

dr ,

t− t0 =
∫ mdr
√

√

√

√ 2mE0 − α2
2 −

(

α1

r
+
e0

2c
Hr

)2
,

ϕ− ϕ0 =
∫

(

α1

r
+
e0

2c
Hr

)2

dr
√

√

√

√ 2mE0 − α2
2 −

(

α1

r
+
e0

2c
Hr

)2
,

z − z0 =
∫ α2 dr
√

√

√

√ 2mE0 − α2
2 −

(

α1

r
+
e0

2c
Hr

)2
.

Å2:�vgø�?�U�:�;S\�7�T1F�aÂU ;�F�:�5�J&8�?�TS[�8�?�P�F�5�F�;	@ F ?�A3;	T1m�:�79F�? 8	ò >�7�R9;NK�T�@S�OT�5�>Gt
:�8�79F�?�f KWP�;	c�[�jk5�JO79=�@ P�7bP$Z�?�;�A3F�7 8 \�5�8�\�5�FGKW;�>	[�T�@�8�F�anD \�79=O:�7�@�F�F�anD ;7&KWF�798�7�KWF�anD �OT�5�>�:98�;�<�5�=&>97�A ~E ; Ae?�J&F�;�:�F�7�A ~H \�7�T�@	DgvÈDe©�¦2E�¦$§�¨W£E}
~A = −H y ~nx

f
ϕ = −E y v ! «�´�£E«�}

S = −E0t+α1x+α2z+
∫

√

√

√

√ 2m(E0 − e0Ey) − α2
2 −

(

α1 −
e0

c
Hy

)2

dy .

Å�Å�vgø�?�U�:�;S\�7�T1F�aÂUS;�F�:�5�J&8�?�TS[�8�?�P�F�5�F�;	@ F ?�A3;	T1m�:�79F�? 8	ò >�7�R9;NK�T�@ Z�?�89@	t
KM?�feKWP�;	c�[�jk5�JO79=�@ P�\�7�T�5¡P�7�T1F�a =xP�5�>�:�798�F�ayAS\�7�:�5�F�ú�;�?�T�7�A ~A(t) =

~a cosωt
vWø�?�U�:�;XZ�?�>�79F"KWP�;	c]5�F�;	@dZ�?�8�@	KM?�v ! «�´�£E«�}

S = ~α~r− 1

2m

∫

(

~α− e

c
~a cosωt

)2

dt , ~r = ~r0+
1

m

(

~α t− e

ωc
~a sinωt

)2

.
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ω
H
I 8 � J�TW?�P�F�aÂU¡ú�5�F�:�8�?�T1m�F�aÂUÀAC7�AC5�F�:X=O:�5�89c�F	@WY+v
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KWP�;	cq[�j]5�U�=L@XP9AC5�=O:�5i=s\	T�79=&>�79=O:�m�{�=&;�=O:�5�AC5i>97�798�KW;�F�?$:�f	79=&m

Oy
F�?�\�8�?�t

P�;�:�m�P�F�;	Zx\�7�79=&;uP�8�?�jk5�F�;	@pf379=&m
Ox 8 � P�K17�T1m�\	T�79=&>979=O:9;gfe<�5�8�5OZ

x;
y
7�R�7�Z�F�?�<�;�:�md>�7�798�KW;�F�?$:�aNú�5�F�:�8�?dAe?�=&=q=O:�5�89c�F	@�F�?XP�8�?�jq?�{sjk5�U�=�@

P�5�8�:�;�>G?�T1m�F�79U¡\	T�79=&>�79=O:�;gfM<�5�8�5OZ
θ 8 � [�JO7�T¡F�?�>	T�79F�?�=O:�5�89c�F	@¡>xJO798�;Gt

Z�79F�:�?�T1m�F�79Uz\	T�79=&>�79=O:�;gv ! «�´�£E«�}�_i[�F�>�ú�;	@ F ?�A3;	T1m�:�79F�?

H =
1

2m



p2
x + p2

y +
p2
θ

I/m



− mω2

2

(

I

m
cos2 θ + x2

)

−mgy ;

\�7�T1F�ahUz;�F�:�5�J&8�?�T

S = −H0 t+
∫
√

m2ω2x2 + 2α1 dx+
∫
√

2m2gy + 2α2 dy+

+

√

√

√

√

I

m

∫
√

Imω2 cos2 θ + 2mH0 − 2α1 − 2α1 dθ ;

Z�?�>979F"KWP�;	c]5�F�;	@Ãú�5�F�:�8�?�Ae?�=&=�=O:�5�8�c�F	@

x =

√
2α1

2mg

(

eA + e−A
)

, y =
g

2
t2 +Bt+

B2

2g
− α2

gm2
,

J�K15
A = ω (t + B/g)

f
B = g(mβ2 − t0)

�0Z�?�>�79FuP�8�?�jk5�F�;	@u=O:�5�8�c�F	@
7�:�F�79=&;�:�5OT1m�F�7�ú�5�F�:�8�?�Ae?�=&=`79\�8�5EK15OT�@�5&:�=�@d;	Z¤P�aÂ8�?�c]5�F�;	@

t− t0 =

√

√

√

√

I

m

∫ mdθ
√

Imω2 cos2 θ + 2mH0 − 2α1 − 2α1

.

Å�Ç�vgwi7q;	Z�P�5�=O:�F�79U"_i[�F�>�ú�;�; a ?�J&8�?�F	c�? L(q1, q2, q̇1, q̇2) =
1

2

(

q̇2
1q

4
1 + q̇2

2q
2
2

)

−
q2
2

q2
1
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Å?��vgwi7 ;	Z�P�5�=O:�F�79UN_i[�F�>�ú�;�; a ?�J&8�?�F	c�? L =
1

2



q̇2
1 +

q̇2
2q

2
1

q2
2
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)(-�5
�
,��E)��
@���,

I = E/ω
O
ω = 2π/τ
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e
Pd\�7�T�5��OT�5�>�:�8�;�<�5�=&>�79JO7"KW;�\�7�T�@

U = e
~a~r

r3

H
~a �A07�AC5�F�:XKW;�\�7�T�@WY+vcDe©�¦2E�¦$§�¨	ó�}ö\�79=O:�8�79;�:�mÃ_i[�F�>�ú�;�{ F ?�A3;	T1m�:�79F�?zPd=&_`5Et8�;�<�5�=&>979U"=&;�=O:�5�AC5s>�7�798�KW;�F�?$:��	8�5�^k5�F�;�5y[�8�?�P�F�5�F�;	@ F ?�A3;	T1m�:�79F�? 8	ò >�7�R9;;�=&>G?$:�m�P�P�;GK15

S = Sr(r) + Sθ(θ) + Sϕ(ϕ)
v
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5&5�\�?�8�?�AC5&:�8�79P
λ
AC5EK�T�5�F�F�7�H ?�KW;�?$R�?$:�;�<�5�=&>�;1YkAC5�F	@�5&:�=�@l=O7ÃP�8�5�AC5�F�5�Ahfp:�?�>

<�:�7
τ
dλ

dt
� λ

H
τ � \�5�8�;�7�K¡KWP�;	c]5�F�;	@WY+vp��8�5OZ&[�T1m�:$?$:�5�\�7�T1F�?�@ÀAC5ED	?�F�;�<�5Et

=&>	?�@¡��F�5�8�J&;	@¡:$?�>979UÀ=&;�=O:�5�A3a�R�[�K15&:dAC5�F	@�:�m�=�@�=O7�P�8�5�AC5�F�5�A
E(t)

vpøi7X79>	?�t
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J
}

J =
1

2π

∮

p dq ,
Hh��vùÅ2:9Y

;�F�:�5�J&8�?�Tl\�7�Z�?�A3>�F	[	:�7�A0[¡>�79F�:$[�8	[�R�5�8�5&:�=�@À\�7�:�8�?$5�>�:�798�;�;�KWP�;	c]5�F�;	@�\�8�;
\�79=O:�7�@�F�F�anD

λ
;
E
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 R � R õ R	�Nr�fcr<âHã
Å�vgø�? \�8	[Gc�;�F�5 P�;�=&;�:BAC5�^k79> Ae?�=&=&a

m = 50
>�J+v%ã)5�=O:�>�79=O:�mV\�8	[�t

c�;�F�a
k

HI8�;�=�vö��vùÅ�Y+v�+n7�K15�89c�;�AC7�5VAC5�^]>	? P�aÂ=&aÂ\�?$5&:�=�@.F�?BZ�5�A0T1{
(

dm

dt
= 100

J
/
A3;�F ) vA7i5�A0[`8�?�P�5�Fr?�KW;�?$R�?$:�;�<�5�=&>�;�U¤;�F�P9?�8�;�?�F�:hK�T�@r:$?�>�7$t

JO7s79=&ú�;	T�T�@�:�798�? ; w`8�;]>	?�>�;GDkZ�F�?�<�5�F�;	@	D k =&\�8�?�P�5EK�T1;�Pr� ?�^�8�5OZ&[�T1m�:$?$: ;
É	vgwsTW?�F�5&:�?�Ae?�=&=&a

m
KWP�;	c]5&:�=L@ P�79>�8	[�JzZ�P�5OZOKWaBAe?�=&=&a

M
\�7 �OT�T1;�\�=E[

="\�7�T�[979=�@1A3;
a
;
b
v3w`8�5EKW\�7�TW?�JE?�@pfö<�:�7ÀP�=ET�5EKW=O:�P�;�5�;	Z&T�[�<�5�F�;	@uAe?�=&=�?

Z�P�5OZOKWa�AC5EK�T�5�F�F�7u[�A05�F�m�^�?$5&:�=L@pfhF�?�U�:�;�?�KW;�?$R�?$:�;�<�5�=&>�;�5 ;�F�P9?�8�;�?�F�:�a
KWP�;	ck5�F�;	@�\	TW?�F�5&:�a�v ! «�´�£E«�}

E/M 2 = const
f
Ma = const

;
Mb =

const
v�wi79=&>�7�T1m�>	[�P�5OT1;�<�;�F�a

aM
;
bM

?�KW;�?$R�?$:�;�<�5�=&>�;X=O7&D�8�?�F	@1{y:9=L@pf
798�R9;�:�?�\	TW?�F�5&:�a 79=O:�?$5&:�=�@z\�7�K17�R9F�79Ugv

Ç�v1¾]?�F�? =&;�=O:�5�Ae?ÁKWP$[�D :�5OT6fiP$Z�?�;�AC7�K15�U�=O:�P$[�{sj];GD�\�7bZ�?�>�79F	[ P�=O5�A3;�8�F�7$t
JO7�:�@�JO7�:�5�F�;	@pvWw`8�5EKW\�7�TW?�JE?�@pf�<�:�7�J&8�?�P�;�:$?�ú�;�79F�F�?�@Ã\�79=O:�7�@�F�F�?�@

G(t) �A05EK�T�5�F�F�?�@k_i[�F�>�ú�;	@]P�8�5�AC5�F�; È f�F�?�U�:�;q?�KW;�?$R�?$:�;�<�5�=&>�;�5 ;�F�P9?�8�;�?�F�:�a�=&;Gt
=O:�5�A3a`v� i:�P�5&:�}

E/G2 = const
f
Ga = const

;
Gb = const

v
��v�7�?�=O:�;�ú�? KWP�;	c]5&:�=�@ P =O:$?�ú�;�79F�?�8�F�7�A F�5&7�KWF�798�7�KWF�7�A ?�>G=&;�?�T1m�F�7 8=&;�A3AC5&:�8�;�<�F�7�A Ae?�J&F�;�:�F�7�AQ\�7�T�5Ã=dF�?�\�89@�c]5�F�F�79=O:�m�{ Hz

f P�7�Z�8�?�=O:�?�{Ât
jk5�UÀP�K17�T1md79=&;

z
vöw`8�5EKW\�7�TW?�JE?�@pfg<�:�7

R

∣

∣

∣

∣

∣

∂Hz

∂z

∣

∣

∣

∣

∣

� |Hz|
H
R � 8�?�KW;	[�=

798�R9;�:�a)<�?�=O:�;�ú�a|Y+f F�?�U�:�; ?�KW;�?$R�?$:�;�<�5�=&>�;�U ;�F�P9?�8�;�?�F�: KWP�;	c]5�F�;	@pv
! «�´�£E«�} mv2

⊥
2H = const

v

�	vgø�?�F�;�:�;gf�\�8�79\	[�j]5�F�F�79U <�5�8�5OZx>97�T�5�<�>�7
A
HI=�Ahve8�;�=�v®��v É�Y+fe\�7�KWP�5�^k5�F�?

<�?�=O:�;�ú�?�Ae?�=&=&a
m
v� `\�8�5EK15OT1;�:�m�=&8�5EKWF�{s{N=&;	T�[�f1K15�U�=O:�P$[�{sj¤[�{ F�?X>97$t

T�5�<�>97
A
=O7d=O:�798�79F�aNF�;�:�;l\�8�;lAe?�T1anDÀ>�7�T�5&R�?�F�;	@	D�Ae?�@�:�F�;�>	?�v0ø�?�U�:�;

;	Z�A05�F�5�F�;�5���F�5�8�J&;�;lAe?�@�:�F�;�>	?Ã\�8�; AC5EK�T�5�F�F�7�A�P�5�8�:�;�>	?�T1m�F�7�A�\�5�8�5�A05Et
jk5�F�;�;�>�7�T�5�<�>	?�v ! «�´�£E«�}

E 2 |AB| = const
v

��v�ÉN?�8�;�>gf F�?�D�7&K�@�j];�U�=�@�P�T1;�_`:�59fh\�7�KW=&>	?�>�;�P9?$5&:ÁF�?�K�[�\�8	[�JO79U \	T1;�:�79Ugv
¿�?�>";	Z�AC5�F	@�5&:�=�@XAe?�>G=&;�Ae?�T1m�F�?�@XP�aÂ=O7�:$?�f�F�?k>�7�:�798	[�{�\�7�KWF�;�Ae?$5&:�=�@�^q?�t
8�;�>gf�>�79JLKM?s[�=&>9798�5�F�;�5hT1;�_`:$?¤AC5EK�T�5�F�F�7r;	Z�AC5�F	@�5&:�=�@ ; ¿�?�>�AC5�F	@�5&:�=�@�P�ant=O7�:�?�f35�=ET1;u\	T1;�:$?�AC5EK�T�5�F�F�7�\�7�KWF�;�A3?$5&:9=L@ ; ! «�´�£E«�}

h ∝ g−1/3 H
g �[9=&>�798�5�F�;�5¤=&P�7�R�7�KWF�79JO7�\�?�K15�F�;	@WYEv

�	vg¿�?�>�;	Z�AC5�F	@�5&:�=�@`��F�5�8�J&;	@r<�?�=O:�;�ú�a�Py\�7�T�5
U
\�8�;¤AC5EK�T�5�F�F�7�Ad;	Z�AC5�F�5�F�;�;

\�?�8�?�A05&:98�79Pk\�7�T�@¡H
A
f
α
f
U0
f
n
Y ; ¦GY U = A

(

e−2αx − 2e−αx
) ��1MY

U =

− U0

ch2(αx)

��´�Y
U = U0 tg(αx)

��¶&Y
U = A |x|n v�De©�¦2E�¦$§�¨W£E}$;�=&\�7�T1m$Z�79P9?$:�m

¤r°c±$¯ ·8¬�8»8°8¬�´PÕ!·8ª1±V«c° À º�ª1±�kpx�¬�¬P«!8¬µ´Ak�«�º�¬�s�»>º�Ô8¬�8³ ´(¬�°8ª À Á Â!°poï¬P¯ À °8°poï¬^º�«!³D¯ ¬�ª1¬�Á Â�º�ª1«!¶}�Hªc±V°D¬�³8¾µ´(¬�°D¹
°8±�º�ª1³ ½ ¶>°D¯ À ´(¬�°8ª À Á Â!°8±!¼£«!¬�Á ³8·8³8°po

G
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_i798�A0[�T�[
τ = 2π

∂J

∂E

v ! «�´�£E«�}

¦GY
E = −A

(

1 − αJ√
2mA

)2

;
1MY
E = −U0

(

1 − αJ√
2mU0

)

;

´9Y
E = αJ

√

√

√

√

2U0

m
+
αJ2

2m
;

¶&Y
E =

[
√

π

2m

J

2
A1/n Γ

(

1

n
+

3

2

)/

Γ

(

1

n

)]

2n
n+2

.
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A
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α
v ! «�´�£E«�}

h ∝ (sinα)2/3 v
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HI=�Ahvg8�;�=�v���v��GY+f
F�?�D97�K�@�jk5�JO79=�@�F�?uF�?�>	T�79F�F�79U�\	T�79=&>�79=O:�;gfy\�8�; AC5EK�T�5�F�F�7�A ;	Z�AC5�F�5�F�;�;
[�JLTW?

α
v ! «�´�£E«�}

ϕ ∝ (sinα)−1/4 v

Å2:�vgø�?�U�:�;k?�KW;�?$R�?$:�;�<�5�=&>�;�Uk;�F�P9?�8�;�?�F�:yK�T�@]Ae?$:�5�Ae?$:�;�<�5�=&>�79JO7iAe?�@�:�F�;�>G?�f�F�5
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ϕ0 � Ae?�>G=&;�Ae?�T1m�F�aÂU�[�JO7�T"7�:�>	T�79F�5Et
F�;	@WY+v ! «�´�£E«�}

J =
8ml

√

gl

π

[

E

(

sin
ϕ0

2

)

− cos2 ϕ0

2
·K

(

sin
ϕ0

2

)]

,
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K

;
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<�5�=&>979JO7�;�F�P9?�8�;�?�F�:$?
J =

1

2

∮

p dq
7�:�P�8�5�AC5�F�;gv ! «�´�£E«�}

J(t) = J(0) +
ẋ(0)

ω2

t
∫

0

F sinωt dt− 1

ω



x(0) − F (0)

mω2





t
∫

0

F cosωt dt+

+
1

2mω

∣

∣

∣

∣

∣

∣

∣

t
∫

0

Ḟ eiωt dt

∣

∣

∣

∣

∣

∣

∣

2

.
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PV 5/3 = const
v
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E =
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+
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Ii = const
v

Å?��v�7�?�=O:�;�ú�?�KWP�;	c]5&:�=�@�P�F	[	:�8�;�=&_`5�8�aV=z[�\�8	[�J&;�A3;�=O:�5�F�>	?�A3;gf 8�?�KW;	[9=
R>97�:�798�79U�AC5EK�T�5�F�F�7X;	Z�AC5�F	@�5&:�=�@pvM¿�?�>Ã;	Z�AC5�F�;�:�=�@x\�8�;x�&:�7�Ab��F�5�8�J&;	@Ã<�?�t

=O:�;�ú�a
E
;X[�JO7�T

α
f�\�7�Kx>�7�:�798�ayAu79F�?�F�?�T�5&:$?$5&:�F�?�=O:�5�F�>	[ ; ! «�´�£E«�}

ER 2 = const, sinα =
L

R
√

2mE
= const.

ZOK15�=&m
L ≡ Lz � AC7�AC5�F�:�;�A3\	[�T1m�=�?�f�>97�:�798�aÂUÃ=O:�8�79JO7�=O7�D�8�?�F	@�5&:�=�@pv

ÅA�	vg¿�?�>Á;	Z�AC5�F	@�5&:�=�@���F�5�8�J&;	@u;Á:�8�?$5�>�:�798�;	@b<�?�=O:�;�ú�a�f =O79P�5�8�^q?�{sjk5�U�_�;Gt
F�;�:�F�7�5yKWP�;	ck5�F�;�5iP¤\�7�T�5

U(~r )
\�8�;"AC5EK�T�5�F�F�7�AÀ;	Z�AC5�F�5�F�;�;�>�7���_�_�;�ú�;Gt

5�F�:�?
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U =

~a~r

r3
+
γ

r4

v ! «�´�£E«�}
¦GY
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δU(r)
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δE = 〈δU〉 =
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∫

rmin

δU mr dr
√

2mr2(E − U) − L2
.

ÅA�	v� `\�8�5EK15OT1;�:�m J&8�?�F�;�ú�a.7�R�TW?�=O:�;gf¤P >�7�:�798�79U�KWP�;	c]5&:�=�@SAC5OcqK�[�KWP$[�A0@
[�\�8	[�J&;�AC; \�79P�5�8�D�F�79=O:�@1A3;

y = 0
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tg(αxmax) = tgϕ, τ =
2π

αv
√

cos 2ϕ
.
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J =
2mE − p2

z

2mω
∝ v2

⊥
H ∝ πa2H ,
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Aϕ = rH(t)/2
f
Ar =

Az = 0
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Jr = Jr



pϕ,
2mcE⊥ + eHpϕ

c
√

ω2 + (eH/mc2)2



 , Jϕ = pϕ , Jz =
Ez

ω
,
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Ez ∝ ω

f
E⊥ +

eHpϕ
2mc

∝
√

√

√

√ω2 +

(

eH
2mc

)2 v
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<�5�A Hϕ = 0
f Hz = Hz(z)

f Hr = −r
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∂Hz(z)

∂z

} ¦�Y Hz(z) =
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1 + λ th2 z

a

) �W1MY Hz(z) = H0



1 +
z2
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τ =

2πa
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√

λ sin2 α− cos2 α
;

1MY
τ =

2πa

v sinα
,
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a2 (λE⊥ − Ez) = const ,
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Ez

√
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E = E⊥ + Ez
f
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〈%〉 =
m

V
, 〈~u〉 =

~P

m
.
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E = 〈%〉
{

1

2
|〈~u〉|2 + 〈ε〉

}

V ,
HÊ�	v É�Y
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∫

V (t)

% dV , ~P =
∫

V (t)

%~u dV , E =
∫

V (t)
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∫
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% dV = 0 ,
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%~u dV = −
∮

Σ(t)
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∫
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% ~f dV ,
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∫
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∮
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∫
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% ~f~u dV ,
H��	v��9Y

JLK15
%(~r, t) � 7�R�op5�A3F�?�@d\	T�7�:�F�79=O:�m�f

~u(~r, t) � =&>�798�79=O:�m�f
p (~r, t) � KM?�P$T�5Et

F�;�59f ~f(~r, t) � \	T�7�:�F�79=O:�m]P�F�5�^]F�;GD�7�R�op5�A3F�anD�=&;	T6f
V (t) � Ae?�>�8�79=&>�79\�;�<�5Et

=&>�;�U�7�R�op5�A c�;GKW>979=O:�;pf1>�7�:�798�?�@ÃAC7�c]5&:qK15�_`798�A3;�8�79P9?$:�m�=�@zP�\�8�79ú�5�=&=O5sKWP�;Gt
c]5�F�;	@z\�8�79;	Z�P�7�T1m�F�ayA�7�R98�?�Z�7�Ahf

Σ(t) � \�79P�5�8�D�F�79=O:�m�f�79>�8	[Gc�?�{sjq?�@
V (t)

f
~n(t) � P�F�5�^]F	@�@�F�798�Ae?�T1mx>

Σ(t)
f
ε � P�F	[	:�8�5�F�F	@���F�5�8�J&;	@pfö\�8�;GD�7�K�@�jq?�t

@�=�@¡F�?"5EKW;�F�;�ú	[�Ae?�=&=&a�vg¿N[�8�?�P�F�5�F�;	@1A�H��	v��GY 8 H��	v��9Y|F�5&7�R�D�7&KW;�AC7"K17�R�?�P�;�:�m[�8�?�P�F�5�F�;�5�=O79=O:�7�@�F�;	@pf½:�v 59vMZ�?�KM?$:�md=&P$@�Z�m�AC5OcqK�[¡:�5�8�AC7�KW;�F�?�A3;�<�5�=&>�;�A3;À\�?�t
8�?�AC5&:�8�?�A3;

ε = ε(p, %) .
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ε =
p

(γ − 1) %
,
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p+B

1 +B
=

(

%

%0

)n

,
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p
;	Z�AC5�89@�5&:�=�@¤Pi?$:9AC79=&_`5�8�?�Dgf

%0 � \	T�7�:�F�79=O:�mi\�8�;q?$:9AC79=&_`5�8�F�7�A�KM?�P$T�5�F�;�;gf
n = 7

f
B = 3000

?$:9Ahv
â�Ü � �VßC� �9�	÷p�~ÜVß~ÞPß£àöõ Ýý��à�µ
µ�Þ��~ÞPß�V£à~ÜcÛ3�VßC�wÆ µz�1� � Þ ve¾rT�@�P�ant

<�;�=ET�5�F�;	@ \�7�T1F�79Ul\�8�79;	Z�P�7�KWF�79U \�7xP�8�5�AC5�F�;À7�:x;�F�:�5�J&8�?�T�79PÃP H��	v��GY 8 H��	v��9YP�79=&\�7�T1m$Z&[95�A3=�@�_`798�Aö[�T�79U

d

dt

∫

V (t)

F (~r, t) dV =
∫

V (t)

[

∂F

∂t
+ ~u~∇F + Fdiv ~u

]

dV ,
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F�79Ud=`[�<�5&:�7�A�Z�?�P�;�=&;�AC79=O:�;

V
7�:�P�8�5�AC5�F�;

d

dt

∫

V (t)

F (~r, t) dV = lim
∆t→0

1

∆t















∫

V (t+∆t)

F (~r, t+ ∆t) dV −
∫

V (t)

F (~r, t) dV















.
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_`5�8�5�F�ú�;�?�T1m�F�79Uz_`798�AC59v&Xi8�?�P�F�5�F�;�5"H��	v��GYeKM?$5&:zªO¬	¦�´�§W£E§�¨W£k§W£Eº�¬½£¬W±�´�§1²�¹O«�¨
∂%

∂t
+ div(%~u) = 0 .
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�sZ�H��	v���Y =i[�<�5&:�7�A H��	vùÅ�É�Yn\�7�T�[�<�?$5�A�[�8�?�P�F�5�F�;�5�² U	T�5�8�? �

∂~u

∂t
+ (~u~∇) ~u = −

~∇p
%

+ ~f .
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¾rT�@d\	T�7�:�F�79=O:�;ÃP�F	[	:�8�5�F�F�5�Ud��F�5�8�J&;�;d;�AC5&5�A

∂ε

∂t
+ (~u~∇) ε+

p

%
div ~u = 0 .
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Z�aÂP9?�{|:z¨�µ�£�¦�¯�°9§1²Aù1v

¿�?�>¡P�;GKW;�Ahf½P�[�8�?�P�F�5�F�;	@	D¡J&;GKW8�7�KW;�F�?�A3;�>�;�P�KM?�F�F�7�A \�7�K�D�7�K15�P�7�Z�F�;Gt
>	?$5&:]\�7�T1F�?�@"\�8�79;	Z�P�7�KWF�?�@"\�7]P�8�5�AC5�F�;�7�:]8�?�Z&T1;�<�F�anD"_�;	Z�;�<�5�=&>�;GD"P�5OT1;�<�;�F

d

dt
≡ ∂

∂t
+
(

~u ~∇
)

,
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>�7�:�798	[�{�F�?�Z�aÂP9?�{|:�:$?�>	c]5k>�79F�:�;�F	[G?�T1m�F�79UÃ;	T1;d��U	T�5�8�79P�79Ugv
�SK15�>	?�8�:�79P�79U�=&;�=O:�5�AC5�>�7�798�KW;�F�?$:

xi = {x, y, z} H
i = 1, 2, 3

Y�K�T�@
>�7�A3\�79F�5�F�:�[�8�?�P�F�5�F�;	@C² U	T�5�8�?�;�AC5&5�A

∂ui
∂t

+ uk
∂ui
∂xk

= −1

%

∂p

∂xi
+ fi ,
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JLK15|\�7k;�FGK15�>G=E[

k
\�7�KW8�?�Z&[�AC5�P9?$5&:�=�@�=E[�AeA3;�8�79P9?�F�;�5kHI=�Ahv9\�7�KW8�7�R9F�5&5sP¤JLT6v	��Y+v

â�Ü � �Vß<�9�G÷p�~ÜVß~ÞPß£àöõ��2ß~Þ��~Ú;à£à{� ��=ET�[�<�?$5|;GK15�?�T1m�F�79JO7¤JE?�Z�?�H��	v��9Y0[�8�?�P�t
F�5�F�;�5nK�T�@�\	T�7�:�F�79=O:�;�P�F	[	:�8�5�F�F�5�Uq��F�5�8�J&;�;�H��	vùÅ?�GY0AC7�c�F�7r\�5�8�5�\�;�=�?$:�m`P�P�;GK15

∂p

∂t
+ ~u~∇p+ γp~∇~u = 0.

H��	vùÅA��Y
� 7�R9jk5�A�=ET�[�<�?$59f	5�=ET1;XP�79=&\�7�T1m$Z�79P9?$:�m�=�@XP�:�798�ayAuF�?�<�?�T�7�A�:�5�8�AC7�KW;�F�?�t

A3;�>�;

T ds = dε− p

%2
d% ,
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:�7kZ�?�>�79F�=O7�D�8�?�F�5�F�;	@���F�5�8�J&;�;xH��	vùÅ?�GY AC7�c�F�7kZ�?�\�;�=�?$:�mk7�:�F�79=&;�:�5OT1m�F�7][�K15OT1m�t
F�79U���F�:�8�79\�;�;

s
∂s

∂t
+ ~u~∇s = 0 .
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² F�:�8�79\�;	@xc�;GKW>�79U�<�?�=O:�;�ú�a�=O7&D�8�?�F	@�5&:�=�@xP"\�8�79ú�5�=&=O5�KWP�;	c]5�F�;	@pv1¾rT�@¡;GK15Et
?�T1m�F�79JO7�JE?�Z�?�H��	v��9Y P�aÂ\�7�T1F	@�5&:�=�@

s ∝ ln (p/%γ)
v

� Þ���� à � ÜNÞ � Ü�õQ���~Þ���Ü v	¾rT�@zF�5�=�c�;�Ae?$5�AC79U�=&8�5EKWa�P�aÂ\�7�T1F	@�5&:�=�@

d%

dt
≡
(

∂

∂t
+ ~u~∇

)

% = 0
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;gfÂ=ET�5EK179P9?$:�5OT1m�F�7�f [�8�?�P�F�5�F�;�5�F�5�\�8�5�8�aÂP�F�79=O:�;NH��	vùÅ�É�Y"\�8�;�F�;�Ae?$5&:b\�8�79=O:�79U
P�;GKö}

div ~u = 0.
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∂t
≡ 0

f	;	Z���F�:�8�79\�;�<Gt
F�79JO7�:�5�<�5�F�;	@z=&\�8�?�P�5EK�T1;�P9?�_`798�A0[�TW?#×�5�8�F	[�T�T1;

|~u|2
2

+ w + U = Bl ,
H��	v É�É�Y

JLK15
Bl � \�79=O:�7�@�F�F�?�@ ×�5�8�F	[�T�T1; K�T�@ _�;�>G=&;�8�79P9?�F�F�79UÁT1;�F�;�;Á:�79>	?�f

U �\�7�:�5�F�ú�;�?�T6f
w � ��F�:�?�T1m�\�;	@pfWK�T�@�>�7�:�798�79UÀ;�AC5&5�A

dw = T ds + dp/%
v� i:�t

AC5&:�;�Ahf�<�:�7�=O7�7�:�F�79^k5�F�;�5�H��	v É�É�YnP�aÂ\�7�T1F	@�5&:�=�@XK�T�@dR�5OZ�P�;GD�8�5�P�79JO7q:�5�<�5�F�;	@pv
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7�R�[�t
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%(~r )
v®²n:$?À=&P$@�Z�mÃ79\�8�5Et

K15OT�@�5&:�=�@X[�8�?�P�F�5�F�;�5�Abws[G?�=&=O79F�? È

∆Φ = 4πG% .
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L2 � λ2
J ≡ c2s

4πG%
,
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p
f
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f
ε
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⊥
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(
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4πρ
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( ~H × (~u× ~H))
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Ak

0



 =
∂xi

∂xk0
dAk

0 + Ak
0

∂2xi

∂xk0∂x
m
0

dxm0 =
∂Ai

∂xm
dxm .
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:�79<�>	?�Dgf�F�7iPs8�?�Z�F�anD¤:�79<�>	?�DrZ�?�>�79F�a \�8�5&7�R98�?�Z�79P9?�F�;	@k>�7�798�KW;�F�?$:i8�?�Z&T1;�<�F�a�v
40?�>�;�Au7�R98�?�Z�7�Ahf ∂Ai

∂xk
� F�5r:�5�F	Z�798gv

wi7�T�[�<�;�A�KW;�_�_`5�8�5�F�ú�;�?�T�>�79P9?�8�;�?�F�:�F�79JO7ÃP�5�>�:�798�?�f½@�P$T�@�{sj];�U�=�@ÀP�5�>Gt
:�798�7�AhvC¾rT�@Á�&:�79JO7À\�8�5EKWP9?�8�;�:�5OT1m�F�7l\�?�8�?�T�T�5OT1m�F�ayA�\�5�8�5�F�79=O7�A�=O79P9AC5�=O:�;�A
P�5�>�:�798�?¤Pr7�KWF	[�:�79<�>	[�v& iR�7�Z�F�?�<�;�A�;	Z�AC5�F�5�F�;�5|>�7�A3\�79F�5�F�:$?¤P�5�>�:�798�?¤\�8�;�\�?�t
8�?�T�T�5OT1m�F�7�Ad\�5�8�5�F�79=O5

δAi vA `\�8�5EK15OT1;�A�8�?�Z�F�79=O:�m|AC5OcqK�[rP�5�>�:�798�?�A3;rPÂ:�79<�>�5
xi + dxi

DAi = dAi − δAi .
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P�5�>�:�798gf$:�7

δAi T1;�F�5�U�F�7iZ�?�P�;�=&;�:i7�: Ai v*× [�K15�Ax=&<�;�:$?$:�m`:$?�>]ck5hT1;�F�5�U�F�79=O:�m
\�7

dxm
v1� 8�5OZ&[�T1m�:$?$:�5k;�AC5&5�A

δAi = −ΓinmA
n dxm ,
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Γinm � =&;�A3P�7�T1a ¿`8�;�=O:�79_�_`5OT�@ � H �&:$?¤P�5OT1;�<�;�F�?¤F�5y@�P$T�@�5&:�=�@�:�5�F	Z�798�7�Ahf
\�79=&>�7�T1m�>	[

δAi � F�5¤P�5�>�:�798gf1?
An ; dxm � P�5�>�:�798�a|Y+v

 `\�8�5EK15OT1;�AxP�;GK
Γikm

v�wi79=&>�7�T1m�>	[k=&>	?�T�@�8
AiB

i \�8�;�\�?�8�?�T�T�5OT1m�F�7�A¡\�5Et
8�5�F�79=O5`F�5�;	Z�AC5�F	@�5&:�=�@pfG:�7

δ(AiB
i) = 0

v��b8�5OZ&[�T1m�:$?$:�5
Bi δAi = −Ai δB

i =
AiΓ

i
kmB

kdxm ≡ ΓkimAkB
i dxm

;

δAi = ΓkimAk dx
m .
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40?�>�;�A�7�R98�?�Z�7�AhfMP�aÂ8�?�ck5�F�;	@xK�T�@¡>�79P9?�8�;�?�F�:�F�anD�\�8�79;	Z�P�7�KWF�anD¡\�8�;�F�;�Ae?$5&:
P�;GK

DAi

∂xm
=
∂Ai

∂xm
+ ΓikmA

k ,
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DAi

∂xm
=
∂Ai

∂xm
− ΓkimAk .
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Γmik = Γmki

v
w`8�;�F�;�Ae?�@�P�7 P�F�;�Ae?�F�;�59f�<�:�7

DAi = gikDA
k ;

DAi = DgikA
k =

AkDgik + gikDA
k ;�AC5&5�A Dgik ≡ 0

vW� 8�5OZ&[�T1m�:$?$:�59}
Dgik
∂xm

=
∂gik
∂xm

− Γlimglk − Γlmkgil =
∂gik
∂xm

− Γk, im − Γi,mk ,
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\�79=&>�7�T1m�>	[
gikΓ

k
rs ≡ Γi, rs

v
¾rT�@dP�=O5ED�ú�;�>	T1;�<�5�=&>�;GDz\�5�8�5�=O:$?�F�79P�79>d;�AC5&5�Ah}

−∂gkm
∂xi

= −Γk,mi − Γm, ik ;
∂gik
∂xm

= Γi, km + Γk, im ;
∂gmi
∂xk

= Γm, ik + Γi,mk .H��	vùÅ2�9Y
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Γk, im = Γk,mi
v6¾rT�@�\�7�T�[�t

=E[�AeA3a�:98�5EDX[�8�?�P�F�5�F�;�UlH��	vùÅ2�9Yn\�7�T�[�<�?$5�A

Γi, km =
1

2

{

∂gik
∂xm

+
∂gim
∂xk

− ∂gkm
∂xi

}

,
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Γikm =
1

2
gil

{

∂glk
∂xm

+
∂glm
∂xk

− ∂gkm
∂xl

}

.
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wi79=&>�7�T1m�>	[�8�?�Z�AC5�8�F�79=O:�;l>979P9?�8�;�?�F�:�F�anD ;�>�79F�:�8�?�P9?�8�;�?�F�:9F�anDl:�5�F	Z�7$t
8�79PyF�5�=O79P�\�?�KM?�{|:�f�:�7s=ET�5EK�[95&:y;�=&\�7�T1m$Z�79P9?$:�m>� ¨	E�¨�³�£O¹O©�¨W£ ©�²·¢�º1²�§W£E§�«�±À«�£E§�®
E�²L¬M²$´�}

Âi =
√
giiA

i , B̂ik =
√
giigkkB

ik .
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wi79=&>�7�T1m�>	[�P�=O5e[�8�?�P�F�5�F�;	@pf&79\�;�=&aÂP9?�{sj];�5�_�;	Z�;�<�5�=&>�;�5n\�8�79ú�5�=&=&a�fO@�P$T�@�{|:�=�@
:�5�F	Z�798�F�ayA3;gf�:�7`P�=O5n\�8�79;	Z�P�7�KWF�ah5h\�7i>�7�798�KW;�F�?$:$?�Ax=ET�5EK�[95&:|Z�?�AC5�F�;�:�msF�?s>�7$t
P9?�8�;�?�F�:�F�ah5s\�8�79;	Z�P�7�KWF�ah5yP�>�8�;�P�7�T1;�F�5�U�F�anD�=&;�=O:�5�Ae?�D�>�7�798�KW;�F�?$:�v�¾]?�F�F�aÂU
?�T1JO798�;�:9A¡\�8�;�JO7�K15�F¤K�T�@�\�8�79;	Z�P�7�T1m�F�anDq>�8�;�P�7�T1;�F�5�U�F�anD�=&;�=O:�5�Ax>�7�798�KW;�F�?$:�f
P�>	T1{s<�?�@�F�5&798�:�79JO79F�?�T1m�F�ah59vn�S=ET�[�<�?$5z798�:�79JO79F�?�T1m�F�anD�=&;�=O:�5�AQ>�7�798�KW;�F�?$:
AC7�c�F�7�;�=&\�7�T1m$Z�79P9?$:9m�R�7�T�5&5r\�8�79=O:�ah5¤\�8�5&7�R98�?�Z�79P9?�F�;	@ a ?�AC�9v

p��z���OU à�µ
µ�Þ��~ÞPß�V£à~ÜcÛC�VßC�§Þx� � Þ��~Ü1/��1�C�

��>G?�<�5�=O:�P�5q\�8�;�AC5�8�?�\�79=O:�8�79;�A�79=&F�79P�F�ah5rKW;�_�_`5�8�5�F�ú�;�?�T1m�F�ah5�79\�5�8�?�t
:�798�a�f�P�D�7&K�@�jq;�5`P¤[�8�?�P�F�5�F�;	@�J&;GKW8�7�KW;�F�?�A3;�>�;gf�Pqú�;	T1;�FGKW8�;�<�5�=&>�79U�=&;�=O:�5�AC5
>�7�798�KW;�F�?$:

(r, ϕ, z)
f�>�7�:�798�?�@"=&P$@�Z�?�F�?�=hK15�>	?�8�:�79P�79U"=&;�=O:�5�AC79U�=O7�7�:�F�79^k5�F�;Gt

@1A3;g}
x0 = r cosϕ , y0 = r sinϕ , z0 = z .
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F�5�F�:�a�AC5&:�8�;�<�5�=&>�79JO7�:�5�F	Z�798�?�;d=&;�A3P�7�T1a�¿`8�;�=O:�79_�_`5OT�@p}

grr = 1 , gϕϕ = r2 , gzz = 1 ,
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grr = 1 , gϕϕ =
1

r2
, gzz = 1 ,

H��	v É¢�GY

Γr, ϕϕ = −r , Γϕ, rϕ = r ,
H��	v É*��Y

Γrϕϕ = −r , Γϕrϕ =
1

r
.
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Ar = A0x cosϕ+ A0y sinϕ
Aϕ = −A0xr sinϕ+ A0yr cosϕ
Az = A0z ,
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Ar = A0x cosϕ+ A0y sinϕ

Aϕ = −A0x

r
sinϕ+

A0y

r
cosϕ

Az = A0z .
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à���� ~A =
DAi

∂xi
=
∂Ai

∂xi
+ ΓikiA

k =
∂Âr

∂r
+
Âr

r
+

1

r

∂Âϕ

∂ϕ
+
∂Âz

∂z
,
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?kK�T�@z>�7�A3\�79F�5�F�:�P�5�>�:�798�?
( ~A ~∇) ~B

}

{( ~A~∇) ~B}r = Ai D

∂xi
Br = Âr

∂B̂r

∂r
+
Âϕ

r

∂B̂r

∂ϕ
+ Âz

∂B̂r

∂z
− ÂϕB̂ϕ

r
,
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{( ~A~∇) ~B}ϕ = Âr
∂B̂ϕ

∂r
+
Âϕ

r

∂B̂ϕ

∂ϕ
+ Âz

∂B̂ϕ

∂z
+
ÂϕB̂r

r
,
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{( ~A~∇) ~B}z = Âr
∂B̂z

∂r
+
Âϕ

r

∂B̂z

∂ϕ
+ Âz

∂B̂z

∂z
.
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∇i =

{

∂

∂r
;
∂

∂ϕ
;
∂

∂z

}

,
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∇i =

{

∂

∂r
;

1

r2

∂

∂ϕ
;
∂

∂z

}

,
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∇̂i =

{

∂

∂r
;

1

r

∂

∂ϕ
;
∂

∂z

}

.
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∆Φ =
à���� &.Í�' à Φ =

D

∂xi
∇iΦ =

∂2Φ

∂r2
+

1

r2

∂2Φ

∂ϕ2
+
∂2Φ

∂z2
+

1

r

∂Φ

∂r
.
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∆ûr = ∆ur = ∇k∇k ur = gik∇i∇k u
r = gik

D

∂xi

(

Dur

∂xk

)

=
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= gik
D

∂xi

(

∂ur

∂xk
+ Γrmku

m
)

=

gik
∂

∂xi

(

∂ur

∂xk
+ Γrmku

m
)

+gik
[

Γrni

(

∂un

∂xk
+ Γnmku

m
)

− Γnki

(

∂ur

∂xn
+ Γrmnu

m
)]

=

=
∂2ûr
∂r2

+
1

r2

∂2ûr
∂ϕ2

+
∂2ûr
∂z2

− 2

r2

∂ûϕ
∂ϕ

− ûr
r2

+
1

r

∂ûr
∂r

,
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∆uϕ =
∂2uϕ

∂r2
+

1

r2

∂2uϕ

∂ϕ2
+
∂2uϕ

∂z2
+
∂uϕ/r

∂r
+

2

r3

∂ur

∂ϕ
+

2

r

∂uϕ

∂r
+
uϕ

r2
=

1

r





∂2ûϕ
∂r2

+
1

r2

∂2ûϕ
∂ϕ2

+
∂2ûϕ
∂z2

+
1

r

∂ûϕ
∂r

− ûϕ
r2

+
2

r2

∂ûr
∂ϕ



 .
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∆ûϕ =

√
gϕϕ ∆uϕ = r∆uϕ

v
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F�79JO7�P�5�>�:�798�? ~A

=&\�8�?�P�5EK�T1;�P�7�}
(∆ ~A)r = ∆Ar−

Ar

r2
− 2

r2

∂Aϕ

∂ϕ

f
(∆ ~A)ϕ =

∆Aϕ −
Aϕ

r2
+

2

r2

∂Ar

∂ϕ

f
(∆ ~A)z = ∆Az

v
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=&\�8�?�P�5EK�T1;�P�7�}
(∆ ~A)r = ∆Ar−

2

r2
·
[

Ar+
1

sin Θ

∂

∂Θ
(sin ΘAΘ)+

1

sin Θ

∂Aϕ

∂ϕ

] f
(∆ ~A)ϕ = ∆Aϕ +

2

r2 sin Θ

[

∂Ar

∂ϕ
+ ctgΘ

∂AΘ

∂ϕ
− Aϕ

2 sin Θ

] v

�	vgwi7�T�[�<�;�:�m�_`798�A0[�T�[�K�T�@ ÍfÎ)Ï ~A Pz¦�Yhú�;	T1;�FGKW8�;�<�5�=&>979UgfB1MYh=&_`5�8�;�<�5�=&>979U
=&;�=O:�5�Ae?�D�>�7�798�KW;�F�?$:�v

��v��½?�\�;�=�?$:9mÀ[�8�?�P�F�5�F�;	@-$Ã?�>�=&P�5OT�TW?�P�¦GY�ú�;	T1;�FGKW8�;�<�5�=&>�79Ugfc1MY�=&_`5�8�;�<�5Et
=&>979Ud=&;�=O:�5�Ae?�Dd>�7�798�KW;�F�?$:�v

�	v��½?�\�;�=�?$:9mrP�7�T1F�79P�7�5Â[�8�?�P�F�5�F�;�5kH��	vÿÇ�È9YCP�¦GYC�OT�T1;�\�:�;�<�5�=&>�;GD�>�7�798�KW;�F�?$:$?�D
(ξ, η, ϕ)

}

r = a
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