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U(x) − E = 0 .
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√
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√
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√
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+ ϕ
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√
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√

2(E + A)/m
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α
ln






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

A−
√

A(A− |E|) cos
(

α t
√

2|E|/m+ C
)

|E|











, E < 0 ;
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1

α
ln


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A−
√

A(A+ E) cosh
(

α t
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2E/m+ C
)

E











, E > 0 ;
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1

α
ln







m+ 2Aα2(t+ C)2

2m
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



, E = 0 .
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√
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τ = 2π
√

R3/GM ≈ 84,8
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√

GM/R ≈ 7,91
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τ = 2π

√

R3/GM
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L
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GM/R ≈ L
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U ′(a) = 0
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U ′′(a) = 0
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U (i)(a) = 0 (i = 1, ..., n− 1)
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U (n)(a) 6= 0
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x(t) = a+ (x0 − a) exp
{

±t
√

−U ′′(a)/m
}
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x(t) = a+ sign[U ′′′(a)]
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t
√

|U ′′′(a)|/12m+ |x0 − a|−1/2
}−2
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
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a+
{

∓βt
√

−U (n)(a)/mn! + (x0 − a)−β
}−1/β
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a+
{

βt
√

|U (n)(a)|/mn! + |x0 − a|−β
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β = (n− 2)/n
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x(t) = x0(t) − ẋ0(t) δt(x0(t)) ,
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√

m
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∫

a

δU(x) dx

[E − U(x)]3/2
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|δU ′(x1)| � |U ′(x1)| ,
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δU = mαx3/3
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mβx4/4
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√

√
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√
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U(x) =

U0 tg2(αx)
f���F�5�8�J&;	@�<�?�=O:�;�ú�a�8�?�P�F�?

E
v ! «�´�£E«�}

τ = π

√
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√
E + U0
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arcsin
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
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√

√

√
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


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∆t =
∞
∫

−∞

(

1

v0
− 1

v

)
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αv0
ln

E

E − U0
,
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√

2E/m
f
v(x) =

√

2 [E − U(x)]/m
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√
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√
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U(x) = −U0/ ch2(αx)
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x(t) = ± 1

α
Arsh

{

αt
√

2U0/m+ C
}

, E = 0 ;

x(t) = ± 1

α
Arsh

{

√

(E + U0)/E sh
(

αt
√

2E/m+ C
)}

, E > 0 ;

x(t) =
1

α
Arsh

{

√

(|E| + U0)/|E| sin
(

αt
√

2E/m+ C
)}

, E < 0 .
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U(x) = mω2x2/2
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δU =

mαx3/3
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δU = mβx4/4
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δτ = −

√
2m

∂

∂E

x2
∫

x1

δU(x) dx
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E − U(x)
= − ∂

∂E
(τ〈δU〉) f�JLK15 〈δU〉 =
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τ

τ
∫

0

δU(x(t)) dt
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δτ =
5πE

18ωUm
,
\�8�;

E � Um =
mω6

6α2

1EY
δτ = −3πβE

2mω5
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U(x) = A {exp(−2αx) − 2 exp(−αx)} Ae?�T�79U�K17�R�?�P�>�;
δU = −V exp(αx)
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δτ =
3πAV

√
m

2α|E|5/2
√

2
,
\�8�; |E| � Um '

√
8AV , E < 0.

É):�v� `\�8�5EK15OT1;�:�mq\�5�8�;�7�Kz>�7�T�5&R�?�F�;�UXPkZ�?�P�;�=&;�AC79=O:�;"7�:q��F�5�8�J&;�;"\�8�;�KWP�;	c]5Et
F�;�; <�?�=O:�;�ú�a Ae?�=&=&a

m
PÁ\�7�T�5�=�\�7�:�5�F�ú�;�?�T1m�F�79U ��F�5�8�J&;�5�U

U(x) =
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τ =
2
√

2πmΓ(1/n)

nA1/nΓ(1/n+ 1/2)
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M = 6 · 1024 >�J+f R = 6400
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ρ(r) =

ρ(0)



1 − ρ(0) − ρ(R)

ρ(0)

r2

R2




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ρ(R) ' 2.2 · 103 >�J / A 3 v
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~L ≡ [~r ~p ] = mr2ϕ̇ ~ez ,
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E =
m
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ṙ2 + Ueff(r) ,
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Ueff(r) = U(r) +
L2

2mr2
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t− t0 = ±
√

m

2

r
∫

r0

dr
√

E − Ueff(r)
,
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ϕ(t) − ϕ0 =
L

m

t
∫

t0

dt

r2(t)
.
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;	Z

ϕ− ϕ0 = ± L√
2m

r
∫

r0

dr

r2
√

E − Ueff(r)
.

H¸Å�vùÅ?�GY
��7qA3F�79J&;GD"=ET�[�<�?�@	D�:�8�?$5�>�:�798�;�{ KWP�;	c]5�F�;	@"79>	?�Z�aÂP9?$5&:�=�@"\�8�79jk5i79\�8�5Et

K15OT1;�:�m�;	Z�KW;�_�_`5�8�5�F�ú�;�?�T1m�F�79JO7�[�8�?�P�F�5�F�;	@zF�?�_i[�F�>�ú�;�{
w(ϕ) = 1/r(ϕ)

}

d2w

dϕ2
+ w = −m

L2

dU

dw
.

H¸Å�vùÅA��Y
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GV-("

ï��
ñ��
<GZ�80;-��89;:�,(I���)��
"�%()(�10;�19;�>,(-�#
Ueff (r)

��<�?�=O:9F�7�A�HIF�7�79<�5�F�m�P9?�c�F�7�A Yh=ET�[�<�?$5kø`m�{|:�79F�79P�=&>�79JO7�\�7�:�5�F�ú�;�?�TW?

U(r) = −α
r

H¸Å�vùÅ2�9Y
:�8�?$5�>�:�798�;�;�KWP�;	c]5�F�;	@�K�T�@

α > 0
79\�8�5EK15OT�@�{|:�=�@�[�8�?�P�F�5�F�;�5�A

p

r
= 1 + e cos ϕ ,

H¸Å�vùÅA��Y

JLK15
p =

L2

mα

f
e =

√

√

√

√1 +
2EL2

mα2
� ��>�=&ú�5�F�:98�;�=&;�:�5&:�v���Z�?�P�;�=&;�AC79=O:�;k7�:sZ�F�?�<�5Et

F�;	@
e
;�AC5&5�AXKWP�;	ck5�F�;�5h\�7�}�Å�Y½�OT�T1;�\�=E[�f

e < 1
HI=ET�[�<�?�U

e = 0
=O7�7�:�P�5&:�=O:�P$[95&:

79>�8	[Gc�F�79=O:�;1Y+�½É�Y \�?�8�?$R�7�T�5�H
e = 1

Y+�1Ç9Y J&;�\�5�8�R�7�T�5�H
e > 1

Y+v
w`8�;

α < 0
PzH¸Å�vùÅ2�9Y \�7�T�[�<�?$5�AÁ;	Z"H¸Å�vùÅA��Y+}

p

r
= e cos ϕ− 1 .

H¸Å�vùÅ2�9Y
� �&:�7�AQ=ET�[�<�?$5XKWP�;	c]5�F�;�5xP�7�Z�AC7�c�F�7�:�7�T1m�>�7 \�7�\�?�8�?$R�7�T�5Ã;	T1; J&;�\�5�8�R�7�T�5
H
e ≥ 1

Y+v

è R õ R õ R	�Nr�fcr<âHã
Å�vgø�?�8�;�=E[�U�:�5`K�T�@z:�8�5EDdZ�?�KM?�F�F�anD

Ueff(r)
Z�?�P�;�=&;�AC79=O:�m

ṙ(r)
K�T�@z<�?�=O:�;Gt

ú�a)=z\�7�T�7�c�;�:�5OT1m�F�79U���F�5�8�J&;�5�U
E

HI8�;�=�v|Å�v���Y+vnw`8�7�?�F�?�T1;	Z�;�8	[�U�:�5x>	?�>
;	Z�A05�F�;�:9=L@z_r?�Z�79P�aÂUd\�798�:�8�5&:�\�8�;�[�AC5�F�m�^k5�F�;�;

E
v

É	v�7�?�=O:�;�ú�?iKWP�;	c]5&:�=�@"Pk\�7�T�5
U(r) = −α/r6 v	ø�?�U�:�;�;�;	Z�7�R98�?�Z�;�:�m¤:�8�?$5�>Gt

:�798�;�{ KWP�;	c]5�F�;	@pf�5�=ET1;d\�7�T1F�?�@d��F�5�8�J&;	@d<�?�=O:�;�ú�a 8�?�P�F�?�F	[�T1{kv
! «�´�£E«�}

r2 =
√

2mα/L2 sin(2ϕ) .
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Ç�v� `\�8�5EK15OT1;�:�m�:�8�?$5�>�:�798�;�{�<�?�=O:�;�ú�a�P�\�7�T�5
U(r) =

α

r
+
β

r2

v

! «�´�£E«�}
r =

p

e cos [γ(ϕ− ϕ0)] − 1
, E > 0 ,

JLK15
p =

2

α



β +
L2

2m





f

e =

√

√

√

√1 +
2Ep

α

f
γ =

√

√

√

√1 +
2mβ

L2

v

��v�3ö?�=&=&<�;�:$?$:�m�:�8�?$5�>�:�798�;�{ <�?�=O:9;�ú�auP�\�7�T�5
U(r) =

α

r
− β

r2

v9ø�?�U�:�;�P�8�5�A0@
\�?�K15�F�;	@Ã<�?�=O:�;�ú�aýP�ú�5�F�:�8x=¤8�?�=&=O:�7�@�F�;	@

r
vY+ >�7�T1m�>�7�7�R�798�7�:�79P"P�79>�8	[�J

ú�5�F�:�8�?�=�K15OTW?$5&:�\�8�;d�&:�7�Au<�?�=O:�;�ú�?�v ! «�´�£E«�}
¦&Y P�=ET�[�<�?$5

β < L2/2m
KWP�;	c]5�F�;�5k;�F�_�;�F�;�:9F�7�59}

r =
p

e cos [γ(ϕ− ϕ0)] − 1
, E > 0 ,

J�K15
p =

2

α





L2

2m
− β





f
e =

√

√

√

√1 +
2Ep

α

f
γ =

√

√

√

√1 − 2mβ

L2

�

1EY K�T�@z=ET�[�<�?�@
β > L2/2m

;�AC5&5�Ah}

r =
p′

e′ sh [γ′(ϕ− ϕ0)] + 1
, E > Umax ,

r =
p′

1 ± e′′ ch [γ′(ϕ− ϕ0)]
, E < Umax ,

r =
p′

1 ± exp [−γ ′(ϕ− ϕ0)]

;	T1;
r = p′ , E = Umax ,

J�K15
p′ =

2

α



β − L2

2m





f
e′ =

√

√

√

√

2Ep

α
− 1

f
γ′ =

√

√

√

√

2mβ

L2
− 1

f
e′′ =

√

√

√

√1 − 2Ep

α

f
Umax =

α2

4(β − L2/2m)

�

´OY K�T�@z=ET�[�<�?�@
β = L2/2m

}
r =

α/E

1 −mα2(ϕ− ϕ0)2/2L2E
.

�	vgw`8�;�>	?�>�;GD�Z�F�?�<�5�F�;	@	D�AC7�AC5�F�:$?r;�A3\	[�T1m�=�?
L
P�7�Z�AC7�c�F�7¤_�;�F�;�:�F�7�5ÂKWP�;Gt

ck5�F�;�5�<�?�=O:�;�ú�a P�\�7�T�5�¦&Y
U(r) = −α exp(−r/rD)/r

�Z1EY
U(r) =

−V exp(−r2/r2
D) ; ! «�´�£E«�}

¦&Y
L2 < (2 +

√
5 ) exp







− 1 +
√

5

2







αmrD ;
1EY
L2 <

8mV r2
D

E2
.
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��v� `\�8�5EK15OT1;�:�m¤:�8�?$5�>�:�798�;�{ <�?�=O:�;�ú�a�Pk\�7�T�5
U(r) = −α

r
+
β

r2

v	ø�?�U�:�;�[�J+t
T�79P�7�5"8�?�=&=O:�7�@�F�;�5

∆ϕ
AC5OcqK�[�KWP$[�A0@ \�79=ET�5EK179P9?$:�5OT1m�F�ayA3; \�8�7�D�7�cqK15Et

F�;	@1A3; \�5�8�;�JO5OT1;	@�H :�79<�>�;
r = rmin

Y+f0\�5�8�;�7�K 8�?�KW;�?�T1m�F�anD�>�7�T�5&R�?�F�;�U
τr
;Á\�5�8�;�7�K 7�R98�?�jk5�F�;	@

τϕ
vew`8�;Á>	?�>�;GD [�=ET�79P�;	@	D�:�8�?$5�>�:�798�;	@uR�[�K15&:

Z�?�AC>�F	[	:�79U ; ! «�´�£E«�}

r =
p

e cos [γ(ϕ− ϕ0)] + 1
(p, e, γ

79\�8�5EK15OT�5�F�a�P]Z�?�KM?�<�5kÇ�v
);

τr =
πα

√
m

(2|E|)3/2
, τϕ = γτr , ∆ϕ =

2π

γ
.

�	v� `\�8�5EK15OT1;�:�m¤Ae?�=&=E[[+n7�T1F�ú�?
M
f�;�AC5O@�=ET�5EK�[�{sj];�5 KM?�F�F�ah59}98�?�KW;	[�=\�M5�Aöt

T1;
R = 6370

>�Ahf�=&8�5EKWF	@�@d\	T�7�:�F�79=O:�m�5&5
5.5

J / =�A 3 ��R�7�T1m�^q?�@d\�7�T�[979=&m
Z�5�ACF�79UÀ798�R9;�:�a

a = 149
A0T1Fgv6>�AhföP�8�5�A0@À7�R98�?�jk5�F�;	@lP�79>�8	[�J]+n7�T1F�ú�?

τ = 365.25
=E[	:�79>gvB+ ;	T�[�P�=O5�A3;�8�F�79JO7X:�@�JO7�:�5�F�;	@lAC5OcqK�[ÃKWP$[�A0@�Ae?�=&=�?�t

AC;gf�8�?�P�F�ayA3; ÅzJ+feF�?�8�?�=&=O:�7�@�F�;�;�ÅÃ=�AQ=&<�;�:$?$5�AQ8�?�P�F�79U
gR2/m

f JLK15
m � Ae?�=&=�?#�M5�A0T1;gf

g � [9=&>�798�5�F�;�5]=&P�7�R�7�KWF�79JO7�\�?�K15�F�;	@xF�?�\�79P�5�8�D�F�7$t
=O:�;M�M5�A0T1;g�$;	Z Z�?�>�79F�79P�¿i5�\	T�5�8�? � =ET�5EK�[95&:�f�<�:�7�=&;	TW?i\�8�;�:�@�c]5�F�;	@#�M5�A0T1;
+�7�T1F�ú�5�AÃ8�?�P�F�?

4π2a2m/(τ 2r2)
f�JLK15

r � 8�?�=&=O:�7�@�F�;�5^�M5�A0T1;�7�:_+n7�T1F�ú�?�v! «�´�£E«�}
1, 97 · 1033 J·v

��vM4679<�>	?¡=dAe?�=&=O79U
m
f3\�7�KWP�5�89c]5�F�F�?�@ K15�U�=O:�P�;�{Vú�5�F�:�8�?�T1m�F�79Uu=&;	T1a

F
f

79\�;�=&ahP9?$5&:lT�5�A3F�;�=&>	?$:$[½}
r2 = a cos (2ϕ)

fnJ�K15
a � P�5OT1;�<�;�F�?l\�79=O:�7$t

@�F�F�?�@pf
r � 8�?�=&=O:�7�@�F�;�5�:�79<�>�;À7�:dú�5�F�:�8�?�\�7�T�@p�gP�F�?�<�?�T1m�F�aÂU�AC7�AC5�F�:

r = r0
f =&>�798�79=O:�m�:�79<�>�;�8�?�P�F�?

v0
; =O79=O:$?�P$T�@�5&:l[�JO7�T

α
=¡\�89@1AC79Ugf

=O7�5EKW;�F	@�{sjk5�U :�79<�>	[u=dú�5�F�:�8�7�A�\�7�T�@pv ø�?�U�:�; ú�5�F�:�8�?�T1m�F�aÂU \�7�:�5�F�ú�;Gt
?�T

U(r)
v ! «�´�£E«�}

U = − L2a2

2mr6
= −ma

2

2r6
r2
0v

2
0 sin2 α

v

È�vgwi79>G?�Z�?$:�m�f�<�:�7�\�7�:�5�F�ú�;�?�T1m�F�?�@d��F�5�8�J&;	@�=&;�=O:�5�A3a`�M5�A0T�@ 8Za [�F�?qP�\�7�T�5+�7�T1F�ú�?�f [9=&8�5EKWF�5�F�F�?�@ Z�?�AC5�=�@�úgfe;�AC5&5&:lP�;GK
U(r) = −α

r
− β

r3

H
r �8�?�=&=O:�7�@�F�;�5 7�:yú�5�F�:�8�?|Ae?�=&=e=&;�=O:�5�A3ab�M5�A0T�@ 8\a [�F�?�K17c+n7�T1F�ú�?���\�8�;�F	@�:�mK�T�@�\�8�79=O:�7�:�a�fg<�:�7d\	T�79=&>�79=O:�mX798�R9;�:�a a [�F�a�=O79P�\�?�KM?$5&:X=q\	T�79=&>�79=O:�m�{dËÆc¬�ÔDÁ ¬�­ Ø ±!¿ À °8°6e � Îf� �hg
� × È Ïfi2j`«!¬�Á ³8»8³8¼ À º�ª1­8±!°8±�´�³¢´ À ª1¬µ´ À ª1³8»<Õ>±$¯8³8°¢³8¾H±�º6°8±!« À ª1¬�Á ¬�¼¢º�±!«!­8¬�´(¬�°8°8±!¼

° À ¶>»8³ Ç Ò «!ª1±!­N¾ À »�±!°8±!«P¯ «!³D®B¬�°8³lkNª1¬�Á�«^ª1±!·8¬�·8°8±�´~¿�­ À «!³8ª Ànm ³8±!°8°D±�´£Ô8±1Á ¬(e ¾ À »�±!°po�Æc¬�ÔDÁ ¬�­ À Õ � ×!Ï Ð irq � i Ã º�¬
ÔDÁ À °8¬�ªnox¯ «!³D®�¶>ª!ºSkiÔ8±^s�Á8Á ³8ÔDª!³D·8¬µº�»8³ ´§±!­8¸!³8ª À ´PÕ;«*±$¯ °8±�´`³8¾ ½ ±!»8¶�º�±!«�»>±!ª1±!­pout?° À t�±$¯8³8ª!ºSkdÖ2±1Á ° m ¬ Ç
� iwv À ¯ ³8¶!º6¹u«!¬�»8ª1±!­<Õ�Ô8­8±!«!¬�¯ ¬�°8°poï¼*±!ª�Ö2±1Á ° m À »*ÔDÁ À °8¬�ª1¬!Õ(¾ À ­ À «!°poï¬¢Ô8­8±�´(¬�®�¶>ª1»8³E«!­8¬µ´(¬�°8³E±!Ô8³ ºhoï« À ¬�ª
­ À «!°poï¬�ÔDÁ ±yx À ¯ ³ ÇµÈ iFÆc« À ¯ ­ À ªno�Ô8¬�­8³8±$¯ ±!«ï±!¸!­ À x�¬�°8³lkcÔDÁ À °8¬�ª^±!ª1°8±�ºzk8ª!ºSkV» À »V»8¶>¸yo�¸!±1Á Â!²�³ltZÔ8±1Á ¶1±�º�¬�¼V³lt
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798�R9;�:�a~�M5�A0T1;g�

m1 � Ae?�=&=�?=�M5�A0T1;gf
m2 � Ae?�=&=�? a [�F�a|Y+vw `\�8�5EK15OT1;�:�m\�8�79;�=�D�7�K�@�jk5&5";	ZOt Z�?zP�:�798�79JO7¡=ETW?�JE?$5�AC79JO7Ã=�AC5�jk5�F�;�5�\�5�8�;�JO5OT1;	@lZ�?z=O:�7

T�5&:�vO$z?�=&=�? a [�F�a�P=��Ås8�?�ZrAC5�F�m�^k5iAe?�=&=&a-�M5�A0T1;gfG8�?�=&=O:�7�@�F�;�5|K17 a [�F�a
a = 380

:�aÂ=�v�>�Ahf�=&8�5EKWF�5&5Â8�?�=&=O:�7�@�F�;�5 K17>+n7�T1F�ú�?�ÅA�):�A0T1Fgv�>�Ahv ! «�´�£E«�}
δϕ =

6πβ

αr2
=

3π

2

m2

m1

(

a

r

)2

× 100 = 7, 7′′
v

Å2:�vgwi7�T�[�<�;�:�m`P�aÂ8�?�ck5�F�;	@kK�T�@¤K15�>	?�8�:�79P�anDq>�7�A3\�79F�5�F�:
Lx
f
Ly
f
Lz

;q?$R9=O7$t
T1{y:9F�79UzP�5OT1;�<�;�F�a AC7�AC5�F�:$?q;�A3\	[�T1m�=�?q<�?�=O:�;�ú�a |~L| P�}p¦&Y ú�;	T1;�FGKW8�;�<�5Et=&>�;GDX>�7�798�KW;�F�?$:$?�D

r, ϕ, z
��1EYn=&_`5�8�;�<�5�=&>�;GDX>�7�798�KW;�F�?$:$?�D

r, θ, ϕ
v ! «�®

´�£E«�}

¦&Y






























Lx = m sinϕ (rż − zṙ) −mrzϕ̇ cosϕ
Ly = m cosϕ (zṙ − rż) −mrzϕ̇ sinϕ
Lz = mr2ϕ̇

L2 = m2r2ϕ̇2(r2 + z2) +m2(rż − zṙ)2

;

1EY






























Lx = −mr2(θ̇ sinϕ+ ϕ̇ sin θ cos θ cosϕ)

Ly = mr2(θ̇ cosϕ− ϕ̇ sin θ cos θ sinϕ)
Lz = mr2ϕ̇ sin2 θ

L2 = m2r4(θ̇2 + sin2 θϕ̇2)

.

Å�Å�v� `\�8�5EK15OT1;�:�m�ú�5�F�:�8�?�T1m�F�ah5¤\�7�T�@pf�P�>�7�:�798�anDd<�?�=O:�;�ú�?�AC7�ck5&:qKWP�;�JE?$:�m�=�@
\�7�=ET�5EK�[�{sj];�A�:�8�?$5�>�:�798�;	@1A)H

c = const
Y+}y¦&Y

r = cϕ
�
1EY

r = c/ϕ
�

´OY
r = c · exp(−ϕ)

v��sZ�7�R98�?�Z�;�:�5�:�8�?$5�>�:�798�;�;�KWP�;	c]5�F�;	@pv ! «�´�£E«�}
¦&Y
U = − L2

2m





c2

r4
+

1

r2



 ;
1EY
U = − L2

2mr2
;

´OY
U = − L2

mr2
.
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U(r) =

{−U0, r < r0
0, r > r0
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

















L
/[√

2m(E + U0) cos(ϕ+ c)
]

, r < r0

L
/[√

2mE cos(ϕ+ c)
]

, r > r0

.
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s = 2R arccos [(1 − p/R)/e] ,
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e2 = 1 − (2 − k) cos2 β
f

p = kR cos2 β
f
k = v2

0/gR
�

t =
2p2

1 − e2

√

√

√

√

1

GMp











e sinϕ0

1 + e cosϕ0
− 2√

1 − e2
arctg

√

√

√

√

1 − e

1 + e
tg ϕ0











,
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arccos

(

p−R
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√
gR
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β = (0, π)
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s = πR
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β = arccos
√

Rg/(2Rg − v2
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vmax =
2πa⊕
τ⊕

√

√

√

√

1 + e

1 − e
= 30, 3

>�A / = , vmin =
2πa⊕
τ⊕

√

√

√

√

1 − e

1 + e
= 29, 3

>�A / = ,
v
=&8

=
2πa⊕

τ⊕
√

1 − e2
= 29, 8

>�A / = .
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mr̈ = mrϕ̇2 + Fr
mrϕ̈ = −2mṙϕ̇+ Fϕ
mz̈ = Fz
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








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





mr̈ = mrθ̇2 +mr sin2 θϕ̇2 + Fr
mrθ̈ = mr sin θ cos θ ϕ̇2 − 2mṙθ̇ + Fθ
mrϕ̈ = Fϕ/(sin

2 θ) − 2mṙϕ̇− 2mrθ̇ϕ̇ ctg θ

,
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Fr = −∂U

∂r

f
Fϕ = − ∂U

r∂ϕ

f
Fz = −∂U

∂z

f
Fθ = − ∂U

r∂θ

v



ä�å��GåO�3â.���Oé�ë�è�êWé��9â.�&ï�ê(L �µÐ
ÅA�	vg� \�7�T�5d:�@�JO7�:�5�F�;	@�+n7�T1F�ú�?xKWP�;	ck5&:�=�@�>97�AC5&:$?À=d\�5�8�;�7�K17�A�7�R98�?�jk5�F�;	@

τ
v �N\�5�8�;�JO5OT1;�;�8�?�=&=O:�7�@�F�;�5X7�:�+n7�T1F�ú�?zK17À>�7�AC5&:�a 8�?�P�F�7

rp
veø�?�U�:�;

8�?�=&=O:�7�@�F�;�5r7�:0+n7�T1F�ú�?]K17�?�_`5OT1;	@d798�R9;�:�a�>�7�AC5&:�a�f�Z�F�?�@d\�5�8�;�7�Kx7�R98�?�t
jk5�F�;	@0�M5�A0T1;

τ0
P�79>�8	[�Jc+n7�T1F�ú�?¤;�Z�F�?�<�5�F�;�5yR�7�T1m�^k79U�\�7�T�[979=&;�798�R9;�:�a

�W5�A0T1;
a0
v ! «�´�£E«�}

2a0 (τ/τ0)
2β − rp
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v(r) =
√

GM [1 + e2 + 2(p/r − 1)]/ p.
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ϕ =
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∫

rmin

ρ dr

r2
√

1 − ρ2/r2 − U(r)/E
,
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E =

mv2
∞/2

f
L = mρv∞
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dσ = dN/n ,
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dσ = 2πρ dρ
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dσ = 2πρ(χ)
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∣

∣

∣

∣

∣

dρ(χ)

dχ

∣

∣

∣

∣

∣

∣
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∣
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dσ = π
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α
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


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cos(χ/2)

sin3(χ/2)
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∞
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∞
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]

,
JLK15

E =
mv2

∞
2

.
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U(r) = −α/r2 ��RGY U(r) = −α/rn f�H n > 2, α > 0
Y+v ! «�´�£E«�}

¦GY
σ
\�?�K

=
2πRα

mv2
∞
,

\�8�;
α >

mv2
∞ρ

2

2
;

1MY
σ
\�?�K

= πn(n− 2)(2−n)/n





α

mv2
∞





2/n

.
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U(r) = α/r − β/r2 �1MY
U(r) = β/r2 − γ/r4 v ! «�´�£E«�}

¦GY
σ =



























π





β

E
− α2

4E2



 , E >
α2

β2

0 , E <
α2

β2

;
1½Y

σ =



























π

(

2

√

γ

E
− β

E

)

, E >
β2

4γ

0 , E <
β2

4γ

.
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U(r) = −α/rn f n ≥ 2

�\1MY
U(r) =

β/r2 − γ/r4 v ! «�´�£E«�}

¦�Y
σ =



























πR2
(

1 +
α

ER2

)

, R > r0

πn

n− 2





α(n− 2)

2E





2/n

, R < r0

,
JLK15

r0 = (n−2)1/n
(

2E

α

)1/n

;

1MY
σ =























π

(

2

√

γ

E
− β

E

)

,
5�=ET1;

2
√

γE > β, ER2 < β

πR2
(

1 +
γ

ER4
− β

ER2

)

,
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U(r) = α/r2 v
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dσ =

2π3α

E

π − χ

χ2(2π − χ)2
dχ
v
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U(r) =

{−U0, r < a

0, r > a

v ! «�´�£E«�}

dσ =
πa2n2

(

n cos
χ

2
− 1

) (

n− cos
χ

2

)

2 cos
χ

2

(

1 + n2 − 2n cos
χ

2
− 1

)2 sinχdχ ,

J�K15
n =

√

√

√

√1 +
U0

E

f
0 < χ < 2 arccos

1

n

v
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r < a
;
U = 0
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r > a
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dσ = πa2 sinχdχ/2

f
σ = πa2 v
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U(r) =

{

U0, r < a

0, r > a

v ! «�´�£E«�}

dσ = π















a2n2
(

n cos
χ

2
− 1

) (

n− cos
χ

2

)

2 cos
χ

2

(

1 + n2 − 2n cos
χ

2
− 1

)2 +
a2

2















sinχdχ, E > U0,

J�K15
n =

√

√

√

√1 − U0

E

f
0 < χ < 2 arccosn

f�\�8�;
E < U0
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ρ(x)

}e¦&Y
ρ = b sin(x/a)

f
0 ≤ x ≤ πa

��1EY
ρ = Axn

f
0 < n < 1

�6´OY
ρ = b− a2/x

f
a2/b ≤ x <∞ v ! «�´�£E«�}

¦&Y
dσ =

πa2 sinχdχ

2 cos4(χ/2)
,

5�=ET1;
0 < χ < 2 arctg

b2

a2
;

1EY
dσ = A2/(1−n)

(

n ctg
χ

2

) 1+n
1−n 2π dχ

(1 − n) cos2(χ/2)
;

´OY
dσ =

b

2

(

a

√

tg
χ

2
− b

)

πdχ

sin2(χ/2)
,

5�=ET1;
0 < χ < 2 arctg

b2

a2
.
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ρ =
√

αx/E
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v1 =
Eρ v0√
α2 + E2ρ2

, v2 =
α v0√

α2 + E2ρ2
,

J�K15
E =

mv2
0

2
.
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U(r) =







α(R− r)/(Rr), r < R

0, r > R

v ! «�´�£E«�}

dσ =
πR2(1 + λ) sinχdχ

2
[

1 + λ sin2(χ/2)
]2 ,

J�K15
λ = 4RE

RE + α

α2

v
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U(r) = V · ln(1 + a2/r2)
v ! «�´�£E«q}

dσ =
a2χ2

m(χm − χ)

χ3(2χm − χ)2
,

\�8�;
χ ≤ χm =

πV

E
.
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H
U =

me~r ~d/r3 Y+v ! «�´�£E«�} dσ =
2πe|~d⊥| sinχdχ

8Eχ3
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dσ =

(

2eg

mcv

)2 2π sinχdχ

χ4
.
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U(r) = α/rn
H
n > 0

Y+v

! «�´�£E«�}
dσ =

1

n







2
√
π Γ((n+ 1)/2)

Γ(n/2)

α

mv2
∞







2/n

χ2(n+1)/n2π sinχdχ
v
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dσ =

eµ

mcv∞

π sinχdχ

χ3
,
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~µ ⊥ ~v∞

v
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σp =



























πR2



1 − Ze2

RE0



 , E0 >
Ze2

R

0 , E0 <
Ze2

R
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~rj = ~exxj + ~eyyj + ~ezzj , (j = 1, ..., N) ,
H É	vùÅ�Y

F�7�;
K = 3N
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qi = qi(~r1, ... ~rN , t) (i = 1, ..., K) .
H É	v É�Y

¾rT�@d_i[�F�>�ú�;�; a ?�J&8�?�F	c�? �

L = T (q̇1, ..., q̇K , q1, ..., qK , t) − U(q1, ..., qK , t)
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∂q̇i

=
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∂qi

(i = 1, ..., K) ,
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L′(~q, ~̇q, t) = L(~q, ~̇q, t) +
d

dt
f(~q, t) ,

:�v 59v	[�8�?�P�F�5�F�;	@XKWP�;	c]5�F�;	@�K�T�@ L′ ; L =O79P�\�?�KM?�{|:�v
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Qi = −∂U
∂qi

.
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U(a~r1, ..., a~rN) = aNU(~r1, ..., ~rN)

f�=&\�8�?�P�5EK�T1;�P9?X«�£O²L¬½£¸¢r¦"´�¨�¬W¨1¦�¯1¦�}

〈2T 〉 = 〈NU〉 , H É	v��9Y
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〈f〉 = lim
t→∞

1

t

t
∫

0

f(t′) dt′ .
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U = U(~q, ~̇q, t)
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8�79=O:�;
q̇j = dqj/dt

vwÀ3=ET1;d79J&8�?�F�;�<�;�:�m�=L@Ã<�?�=O:�F�ayA =ET�[�<�?$5�A

U(~q, ~̇q, t) = U0(~q, t) −
K
∑

k=1

Ak(~q, t)q̇k ,
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Qi = −∂U0

∂qi
− ∂Ai

∂t
+

K
∑

k=1

q̇k

(

∂Ak

∂qi
− ∂Ai

∂qk

)

.
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~Q = ~F = −~∇U0 −
∂ ~A

∂t
+
[

~v × rot ~A
]

,
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JLK15 ~A
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d

dt

∂T

∂q̇i
− ∂T

∂qi
= Qi (i = 1, ..., K) .
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g
Y+v

! «�´�£E«#" L =
m1 +m2

2
l21ϕ̇

2
1+

m2

2
l22ϕ̇

2
2+m2l1l2ϕ̇1ϕ̇2 cos(ϕ1−ϕ2)+(m1+

m2) gl1 cosϕ1 +m2gl2 cosϕ2 .

É	vgø�?�U�:�;l_i[�F�>�ú�;�{ a ?�J&8�?�F	c�?z\	T�79=&>979JO7xAe?�@�:�F�;�>	?Ã=�Ae?�=&=O79U m2
f6:�79<�>G?

\�7&KWP�5�=�?`>�7�:�798�79JO7"HI=yAe?�=&=O79U
m1

PrF�5�U1Y3AC7�c]5&:¤=O79P�5�8�^q?$:�msKWP�;	c]5�F�;�5|\�7
JO798�;	Z�79F�:�?�T1m�F�79Uz\�89@1AC79U�HI8�;�=�vWÉ	v É�Y+v ! «�´�£E«#"

L =
m1 +m2

2
ẋ2 +

m2

2

(

l2ϕ̇2 + 2lẋϕ̇ cosϕ
)

+m2gl cosϕ .
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γ
HI8�;�=�v�É	vÿÇ9Y+��1lÄ�=O79P�5�8�^q?$5&:sJO798�;	Z�79F�:$?�T1m�F�ah5h>�7�T�5&R�?�F�;	@

\�7�Z�?�>�79F	[
a cos γt

�0´pÄ�=O79P�5�8�^q?$5&:�P�5�8�:�;�>G?�T1m�F�ah5]>�7�T�5&R�?�F�;	@Ã\�7�Z�?�>�79F	[
a cos γt

v ! «�´�£E«#"
¦GY L =

1

2
ml2ϕ̇2 +mlaγ2 sin(ϕ− γt) +mgl cosϕ ;

1MY L =
1

2
ml2ϕ̇2 +mlaγ2 cos γt sinϕ+mgl cosϕ ;

´�Y L =
1

2
ml2ϕ̇2 +mlaγ2 cos γt cosϕ+mgl cosϕ .
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5&:�=L@b=d\�79=O:�7�@�F�F�79Uu[�J�T�79P�79Uu=&>�798�79=O:�m�{

Ω
P�79>�8	[�Jd�&:�79Uu79=&;gv ! «�´�£E«#"

L = m1a
2
(

θ̇2 + Ω2 sin2 θ
)

+ 2m2a
2θ̇2 sin2 θ + 2ga(m1 +m2) cos θ .
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q
f1?qF�?�Ae?�=&=E[

M �Z�?�8�@	K
Q
vw�g?�\�;�=�?$:�mq[�8�?�P�F�5�F�;	@XKWP�;	c]5�F�;	@pv
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L(t)
vgø�?�U�:�;x_i[�F�>�ú�;�{ a ?�J&8�?�F	c�?;X[�8�?�P�F�5�F�;�5iKWP�;	c]5�F�;	@xAe?�@�:�F�;�>	?�v
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7&KWF�7�AC5�8�F�79JO7 KWP�;	ck5�F�;	@ Ae?$:�5�8�;�?�T1m�F�79U :�79<�>�; Ae?�=&=&a

m
}
x =

±
√

√

√

√

At2

x2
0

+ (x0 + v0t)2
v ! «�´�£E«z} L =

mẋ2

2
− Am

2x2

v
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Ω(t)
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>979Uz<�?�^];gf�_`7.'�Ae?]KWF�?�>97�:�7.'�79U
z = a(t) x2 + b(t) y2 v�£|?�U�:�;Ã_i[�F�>�ú�;�{
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F�79Uz=&;�=O:�5�A3a�7�:�=&<�5&:$?

S0
v��g?�\�;�^k5�A�[�8�?�P�F�5�F�;�5�KWP�;	c]5�F�;	@ÃP�\�8�79;	Z�P�7�T1m�F�79U
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fMú�5�F�:�8�>�7�:�798�79UÃKWP�;	c]5&:�=�@�\�8�79;	Z�P�7�T1m�t

F�ayA 7�R98�?�Z�7�A 7�:�F�79=&;�:�5OT1m�F�7
S0

\�7qZ�?�>979F	[ ~R(t)
v�¿`8�7�AC5`:�79JO7�;�AC5&5&:�=�@XP�8�?�t

jk5�F�;�5r=&;�=O:�5�A3a
S
f�>�7�:�798�7�5r79\�;�=&aÂP9?$5&:�=�@X[�J�T�79P�ayAuP�5�>�:�798�7�A ~Ω(t)
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L = −m~v
2

2
−m~v

[

~Ω~r
]

+
m

2

{

~Ω2~r2 −
(

~Ω~r
)2
}

−m~r~V − U ,
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m~̇v = −∂U
∂~r

−m~̇V + 2m
[

~v ~Ω
]

+m

[

~r ~̇Ω

]

+m
[

~Ω
[

~r ~Ω
]]

,
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Ω
=&<�;�:�?$:�m"Ae?�T�79Ugv ! «�´�£E«#"

x = 0 , y = −1

3

(

2h

g

)3/2

gΩ cosλ ,

J�K15
λ � =O5�P�5�8�F�?�@]^];�8�7�:$?qH 7�:�8�;�ú�?$:�5OT1m�F�ah5hZ�F�?�<�5�F�;	@ y =O7�7�:�P�5&:�=O:�P$[�{|:7�:�>	T�79F�5�F�;�{�F�?�P�79=O:�79>1Y+v
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~v0
v ! «�´�£E«#"

y =
4v2

0z

g2

(

1

3
v0zΩx − v0xΩz

)

.
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ξ(t) = e−iΩztξ0(t)
fgJLK15
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ξ0(t) = A1e

−iωt+A2e
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U(q)
f$>97�:�798�?�@�;�AC5&5&:

A3;�F�;�A0[�A�P�:�79<�>�5
q0
vB30?�Z&T�7�c�;�A _i[�F�>�ú�;�{

U(q)
Pd89@	K P�R�T1;	Z�;À:�79<�>�;

q0; 79J&8�?�F�;�<�;�A3=�@Á;�=&=ET�5EK179P9?�F�;�5�A KWP�;	c]5�F�;	@u=&;�=O:�5�A3aSP�Ae?�T�79U 79>�8�5�=O:�F�79=O:�;
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U(q) = U(q0)+
1

2

d2U(q = q0)

dq2
(q−q0)2+

1

6

d3U(q = q0)

dq3
(q−q0)3+ ... .

H Ç�vùÅ�Y
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T =

mq̇2

2
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F = −k(q − q0)
fgJLK15

k =
d2U(q = q0)

dq2

v
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L =
mẋ2

2
− kx2

2
,

H Ç�v É�Y

JLK15
x = q−q0

f
k = U ′′(q0)

vGwi7&KW=O:$?�P$T�@�@zH Ç�v É�YCP�H É	v��GY+f�\�7�T�[�<�?$5�A¡[�8�?�P�F�5�F�;�5
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ẍ+ ω2
0 x = 0 (ω2

0 = k/m) ,
H Ç�vÿÇ9Y
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x(t) = A · cos(ω0t+ α) .
H Ç�v��GY



� Ï à9áMâ�ãGâZ�Gå�Úxâ�áOÌsécÃ�ñ�áMé�Û�â�è�ê	ëdêzãGñ�á�è(Ì

GV-("

2	�
���
�ú�� 7>'�@�I�y�%('�)���)(�!�iMN� ����MN� ��-(�(��"�3�'�=�'UMN� #���,(-(3���
2��'�3�� 7D�
,(I 9;-(,(-(-d%('�"!��'8#(,(,('�y��,(��)(=�-(-�MN� #���,(-(3���
8AB� 9;-�7>-���'��(��3
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ẍ+ ω2
0 sinx = 0

v

���SRT� , �cÛ�ÞG�NÜVß£àöõQ� ß~Þ�� � �cÛ3� � à � à-��/ZÞ � ÞPßöõ � à-�ÿÝW�W�W�G�3�
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qi (i = 1, 2, ..., N)

v	�Á:�79<Gt
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(q10, q20, ..., qN0)
_i[�F�>�ú�;	@

U
;�AC5&5&:yA3;�F�;�A0[�Ahv�4679JLKM?ÂPh79>�8�5�=O:�F�79=O:�;r�&:�79U

:�79<�>�;ÃAC7�c�F�7�Z�?�\�;�=�?$:�m�}

U(q1, q2, ..., qN) = U(q10, ..., qN0) +
1

2

∑

i,j

kij · (qi− qi0)(qj − qj0) + ... ,
H Ç�v���Y

JLK15
ki,j =

∂2U

∂qi∂qj |~q0
v��nP�5EK15�A 7�:�>	T�79F�5�F�;	@d7�:�\�7�T�7�c]5�F�;	@z8�?�P�F�79P�5�=&;	@XP�K17�T1m

=O7�7�:�P�5&:�=O:�P$[�{sjk5�U�7�R�7�R9jk5�F�F�79U¡>�7�798�KW;�F�?$:�a
xi = qi − qi0
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T =
1

2

∑

ij

mijẋiẋj ,
H Ç�v��9Y
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N
∑

j=1

{mijẍj + kijxj } = 0 (i = 1, 2, ..., N) .
H Ç�v���Y
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xj = Aj exp {−iωt } H Ç�v��9Y
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Aj
}

N
∑

j=1

(

−ω2mij + kij
)

· Aj = 0 .
H Ç�vÿÈ9Y
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N
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ω2 }
à&á Ï (−ω2mij + kij

)

= 0 .
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(ω2

1, ω
2
2, ..., ω

2
N)
v1� ;�:�79JO5¤;�AC5&5�AÁ8�5�^k5�F�;	@"K�T�@zP�=O5ED�>�7�798�KW;�F�?$:�}

xj(t) = Aj1 · e−iω1t + Aj2 · e−iω2t + ...+ AjN · e−iωN t .
H Ç�vùÅ�Å�Y
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τ = 2π
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ω2
1,2 =

m1 +m2

2m1





ω2
01 + ω2

02 ±
√

√

√

√(ω2
01 + ω2

02)
2 − 4m1ω2

01ω
2
02

m1 +m2





 .
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∂2x

∂t2
=

(

f +
∂f

∂l
dl

)

− f ,
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∂l

v6¾k;�_�_`5�8�5�F�ú�;�?�T1m�F�7�5"[�8�?�P�F�5�F�;�5�KWP�;	c]5�F�;	@ÁPx<�?�=O:�F�anD

\�8�79;	Z�P�7&KWF�anD�R�[�K15&:
m
∂2x
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x(l, t) = xl(l)·xt(t)
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 R è R è R��BW<Y;kHã^ê
¡¤[�F�>�ú�;	@ F ?�A3;	T1m�:�79F�? � H(q1, ..., qN , p1, ..., pN , t)

KM?$5&:�=L@�=ET�5EK�[�{sj];�A
P�aÂ8�?�c]5�F�;�5�A

H =
N
∑

i=1

q̇ipi − L , Hh��vùÅ�Y

JLK15`7�R�7�R9jk5�F�F�aÂUX;�A3\	[�T1m�=�\�7q79\�8�5EK15OT�5�F�;�{�8�?�P�5�F
pi =

∂L
∂q̇i

v�4679JLKM?k[�8�?�P�F�5Et
F�;	@XKWP�;	c]5�F�;	@Ã;�AC5�{|:�P�;GKÁH

i = 1, ..., N
Y+}

q̇i =
∂H

∂pi
, ṗ = −∂H

∂qi
,

Hh��v É�Y
;GDÁF�?�Z�ahP9?�{|:¡[�8�?�P�F�5�F�;	@1A3; F ?�A3;	T1m�:�79F�?�v�¡¤[�F�>�ú�;	@ F ?�A3;	T1m�:�79F�?x7�R�TW?�KM?$5&:P9?�c�F�ayA3;z=&P�79U�=O:�P9?�A3;

dH

dt
= −∂L

∂t
=
∂H

∂t
,

Hh��vÿÇ9Y

;	Zk>�7�:�798�anDÃ=ET�5EK�[�5&:�f�<�:�7�P�=&;�=O:�5�AC5¤= ∂H
∂t

= 0
��F�5�8�J&;	@�@�P$T�@�5&:�=�@d;�F�:�5�J&8�?�t

T�7�A KWP�;	c]5�F�;	@Ã;
H(q1(t), ..., qN(t), p1(t), ..., pN(t)) = E = const

v
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H = T + U ,
Hh��v��GY

JLK15
T
;
U � =O7�7�:�P�5�=O:�P�5�F�F�7">�;�F�5&:�;�<�5�=&>	?�@x;z\�7�:�5�F�ú�;�?�T1m�F�?�@x��F�5�8�J&;�;z=&;Gt
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dq©H³DÁ Ânk ´^v(±!¶ À °£Ä Ò&å�ØO��æ ¹ � ¬Me ��� Ï�Î g
��� ×�Îni¢j§³8­DÁ À °D¯
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{g, f} =
N
∑

i=1

(

∂g

∂pi

∂f

∂qi
− ∂g

∂qi

∂f

∂pi

)

,
Hh��v���Y

JLK15
g(~q, ~p, t)

;
f(~q, ~p, t) � \�8�79;	Z�P�7�T1m�F�ah5�_i[�F�>�ú�;�;"KW;�F�?�A3;�<�5�=&>�;GDX\�5�8�5Et

AC5�F�F�anDgvw�iF�?�T�79J&;�<�F�7�=O:�8�7�@�:�=�@¡=&>�7�R9>�;¡ws[G?�=&=O79F�?qK�T�@x\�?�8�a�P�5OT1;�<�;�F
H
;

f
v�¾rT�@d\�7�T1F�79Ud\�8�79;	Z�P�7�KWF�79UÃAC7�c�F�7�Z�?�\�;�=�?$:�m

df

dt
=
∂f

∂t
+ {H, f} . Hh��v��9Y

À3=ET1;¤;�F�:�5�J&8�?�TrKWP�;	c]5�F�;	@]F�5eZ�?�P�;�=&;�:Â@�P�F�7y7�:|P�8�5�AC5�F�;gf&:�7 {H, f} = 0
v
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f
;

g
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@�P$T�@�5&:�=�@d;�F�:�5�J&8�?�T�7�A KWP�;	c]5�F�;	@pf�:�v 59v {f, g} = const
v


 R è R õ R	�Nr�fcr<âHã
Å�v��½?�\�;�=�?$:9m�_i[�F�>�ú�;�{ F ?�A3;	T1m�:�79F�?bK�T�@�7�KWF�79U�Ae?$:�5�8�;�?�T1m�F�79U�:�79<�>�;QP
¦�YkK15�>	?�8�:�79P�anD

(x, y, z)
f,1MY�ú�;	T1;�FGKW8�;�<�5�=&>�;GD

(r, ϕ, z)
;ý´9Y�=&_`5�8�;Gt

<�5�=&>�;GD�>�7�798�KW;�F�?$:$?�D
(r, θ, ϕ)

v ! «�´�£E«�}
¦GY
H =

1

2m

(

p2
x + p2

y + p2
z

)

+ U(x, y, z) ,

1MY
H =

1

2m



p2
r +

p2
ϕ

r2
+ p2

z



 + U(r, ϕ, z) ,

´�Y
H =

1

2m



p2
r +

p2
θ

r2
+

p2
ϕ

r2 sin2 θ



 + U(r, θ, ϕ) .
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H =
p2

2m
− ~Ω [~r ~p ] + U

v
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H =

1

2m

n
∑

a=1

~p 2
a +

1

2M





n
∑

a=1

~pa





2

+ U
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��v� `\�8�5EK15OT1;�:�m�_i[�F�>�ú�;�{ F ?�A3;	T1m�:�79F�? ?�F�JE?�8�AC79F�;�<�5�=&>�79JO7 79=&ú�;	T�T�@�:�798�?�f
_s[�F�>�ú�;	@ a ?�J&8�?�F	cq?�>�7�:�798�79JO7 L =

ẋ2

2
− ω2x2

2
− αx3 + βxẋ2 v

! «�´�£E«�}
H =

p2

2(1 + 2βx)
+
ω2x2

2
+ αx3 v
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H =
p2

2
+
ω2

0x
2

2
+ λ





p2

2
+
ω2

0x
2

2





2

.

! «�´�£E«�}
x = a cos(ωt+ ϕ) , p = −aω0 sin(ωt+ ϕ)

f
J�K15

ω = (1 + 2λE0)ω0
f
E0 = ω2

0a
2/2

v
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θ
f
ϕ
f
ψ
v

! «�´�£E«�}
H =

p2
θ

2I1
+

(pϕ − pψ cos θ)2

2I1 sin2 θ
+
p2
ψ

2I3

f9JLK15
Ii � J�TW?�P�F�ah5sAC7�AC5�F�:�a

;�F�5�8�ú�;�;gv
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H(~p, ~r ) =
cp

n(~p, ~r )

H T�[�<z=&P�5&:$?9Y+f�JLK15
p = |~p | v1ø�?�U�:�;d:�8�?$5�>�:�798�;�{]f

5�=ET1;
n(~r ) = αx

v ! «�´�£E«�}

~̇r =
c ~p

np
− cp

n2

∂n

∂~p
, ~̇p =

cp

n2

∂n

∂~r
; x = C1 ch

(

y

C1
+ C2

)

.
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Ay = H x
f
Ax = Az = 0

v ! «�´�£E«�}

H(x, y, z, px, py, pz) =
p2
x + p2

z

2m
+

1

2m

(

py −
e

c
H x

)2

;

x = a cos(ωt+ ϕ) + x0 , y = −a sin(ωt+ ϕ) + y0 , z =
pz
m
t+ z0 ,

px = −maω sin(ωt+ ϕ) , py = const , pz = const ,J�K15
ω = eH/(mc) f x0 = cpy/(eH)

v
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r = r(t)
Y+v ! «�´�£E«�}

H =
1

2mr2(t)



pθ +
p2
ϕ

sin2 θ



− mṙ2(t)

2
−mgr(t) cos θ ;
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θ̇ =
pθ

mr2(t)
, ṗθ =

p2
ϕ cos θ

mr2(t) sin3 θ
−mgr(t) sin θ ,

ϕ̇ =
pϕ

mr2(t) sin2 θ
, ṗϕ = 0 .
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F	[9=�?|=�P�5�8�:�;�>	?�T1m�F�79Uk79=&m�{kv�3ö?�=O:�P�798]>�79F	[�=�?yF�?�\�8�?�P$T�5�FkP�P�5�8�Dgf&[�JO7�T]8�?�=+t
:�P�798�?

2α
v��g?�\�;�=�?$:�mq[�8�?�P�F�5�F�;	@ F ?�A3;	T1m�:�79F�?�v ! «�´�£E«�}

H =
p2
r sin2 α

2m
+

p2
ϕ

2mr2
+mgrα ;

ṙ =
pr sin2 α

m
, ϕ̇ =

pϕ
mr2

, ṗr =
p2
ϕ

mr3
−mgα , ṗϕ = 0 .

Å�Å�v1¾¤79>G?�c�;�:�5�=ET�5EK�[�{sj];�5À=&P�79U�=O:�P9?ÀK�T�@ =&>�7�R�79>�ws[G?�=&=O79F�?�}sÅ�Y {f, g} =

−{g, f} f	É�Y { f, C } = 0
f�JLK15

C = Ó?Î.Ô(ÕfÏ fGÇ9Y { f1 +f2, g } = { f1, g }+

{ f2, g }
v

Å�É	vg�nah<�;�=ET1;�:9m�=&>97�R9>�; ws[G?�=&=O79F�?�}�¦GY {Li, xj}
f {Li, pj}

f {Li, Lj}
�]1MY

{~a ~p, ~b~r } f {~a ~L, ~b~r } f {~a ~L, ~b ~L} �h´�Y {~L, ~r ~p } f {~p, rn} f {~p, (~a~r )2} v��K15�=&m
xi
f
pi
f
Li 8*8 K15�>	?�8�:�79P�a�>�7�A3\�79F�5�F�:�a�P�5�>�:�798�79P�f ~a f ~b 8*8 \�79=O:�7$t@�F�F�ah5rP�5�>�:�798�a�v ! «�´�£E«�}

¦GY {Li, ϕj} = −∑

k

eijk ϕk ,
JLK15

ϕj = (xj, pj, Lj) ;

1MY {~a ~p, ~b~r } = ~a~b , {~a ~L, ~b~r } = −[~a~b ]~r ,

{~a ~L, ~b ~L } = −[~a~b ] ~L ;
´�Y {~L, ~r ~p } = 0 , {~p, rn} = −~rnrn−2 , {~p, (~a~r )2} = 2~a(~a~r )

v
��K15�=&m

eijk � \�7�T1F�79=O:�m�{ ?�F�:�;�=&;�AeAC5&:�8�;�<�F�aÂU�:�5�F	Z�798gf
e123 = e231 =

e312 = 1
f
e132 = e321 = e213 = −1

f�79=O:$?�T1m�F�a 5k>�7�A3\�79F�5�F�:�a
eijk

8�?�P�F�a
F	[�T1{kv

Å�Ç�vg�nah<�;�=ET1;�:9m�=&>�7�R9>�;�ws[G?�=&=O79F�? {Ai, Aj}
f�JLK15

A1 = (x2+p2
x−y2−p2

y)/4
f

A2 = (xy + pxpy)/2
f
A3 = (xpy − ypx)/2

f
A4 = x2 + p2

x + y2 + p2
y

v
! «�´�£E«�}

{Ai, Aj} = −∑

k

eijkAk , {Ai, A4} = 0 ,

J�K15
i, j, k 8*8 \�8�;�F�;�A3?�{|:�Z�F�?�<�5�F�;	@�Å�f1É	f1Ç�v



Î � à9áMâ�ãGâMÐ	åBÁ�ñ&çY��â�á�êO½��bà�â��3ê�áON9ï$ñ�èWâ
Å?��vg�nah<�;�=ET1;�:9m {Li, Λjk}

f {Λjk, Λi`}
f�JLK15

Λik = xixk + pipk
v ! «�´�£E«�}

{Li, Λjk} = −∑

`

(eij`Λ`k + eik`Λ`j) ,

{Λjk, Λi`} = δijL`k + δikL`j + δi`Lik + δk`Lij ,
J�K15

Lk` = pkx` − p`xk
v

ÅA�	vg�nah<�;�=ET1;�:9m�=&>�7�R9>�;zws[G?�=&=O79F�? {~f, ~a ~L} f {~f ~L, ~g ~L} f�J�K15 ~a � \�79=O:�7�@�FGt
F�ahUzP�5�>�:�798gf ~f f ~g 8*8 P�5�>�:�798�F�ah5¤_i[�F�>�ú�;�; ~r ; ~p v ! «�´�£E«�}

{~f, ~a ~L} = [ ~f ~a ] , {~f ~L, ~g ~L} = [ ~f ~a ] ~L+
∑

i,k

LiLk{fi, gk} .

Å2��vgø�?�U�:�; {vi, vj}
K�T�@z<�?�=O:�;�ú�a P�Ae?�J&F�;�:�F�7�A \�7�T�5 ~H v ! «�´�£E«�}

{vi, vj} = − e

m2c

∑

k

eijkHk .

ÅA�	v�+�79=O:$?�P�;�:�m"[�8�?�P�F�5�F�;	@ÃKWP�;	c]5�F�;	@�\�8�7�5�>�ú�;�;
Lα

AC7�AC5�F�:$?";�A3\	[�T1m�=�?�F�?
79=&;gfM=&P$@�Z�?�F�F�ah5q=O7�=&P�7�R�7�KWF�7�P�8�?�jq?�{sj];�A3=�@x:�5OT�7�Ahv�¡¤[�F�>�ú�;	@ F ?�A3;	T1m�t:�79F�?

H =
1

2

∑

α, β

(

I−1
)

αβ
Lα Lβ

v ! «�´�£E«�}

L̇α =
∑

β, γ, δ

eαβγ
(

I−1
)

γδ
Lβ Lδ .

Å2��vg¿�?�>x;	Z�P�5�=O:�F�7�f1K�T�@�<�?�=O:�;�ú�aQPX\�7�T�5
U = −α/r =E[�jk5�=O:�P$[95&:X;�F�:�5�J&8�?�T

KWP�;	ck5�F�;	@ ~A = [~v ~L ] − α~r

r

v
¦�Yy�naÂ<�;�=ET1;�:�m�=&>�7�R9>�;Ãws[G?�=&=O79F�? {Ai, Aj}

f {Ai, Lj}
v

1MYz�V=ET�[�<�?$5l_�;�F�;�:�F�79JO7uKWP�;	c]5�F�;	@ H
E < 0

Y�K�T�@�P�5�>�:�798�79P ~J1,2 =
1

2

(

~L±
√

m

−2H
~A

) P�aÂ<�;�=ET1;�:�mk=&>�7�R9>�;Xws[G?�=&=O79F�? {H, ~J1,2}
f {J1i, J2j}

f

{J1i, J1j}
f {J2i, J2j}

;q=&8�?�P�F�;�:�m�;GDq=O7`=&>�7�R9>	?�A3;�ws[G?�=&=O79F�?ÂK�T�@q>�7�A3\�7$t
F�5�F�:¤AC7�AC5�F�:$?�;�A3\	[�T1m�=�? ~L v��naÂ8�?�Z�;�:�m¤_s[�F�>�ú�;�{ F ?�A3;	T1m�:�79F�? H <�5�8�5OZ
~J1
; ~J2

v ! «�´�£E«�}
¦GY {Ai, Aj} = −2H

m

3
∑

k=1

εijkLk , {Ai, Lj} = −
3
∑

k=1

εijkAk ;

1MY


















{H, ~J1,2} = 0 , {J1i, J2j} = 0 ,

{J1i, J1j} = −
3
∑

k=1

εijkJ1k , {J2i, J2j} = −
3
∑

k=1

εijkJ2k ;
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H = − mα2

4
(

~J
2

1 + ~J
2

2

) .

Å�È�vgwi79>G?�Z�?$:�m�f1<�:�7�_i[�F�>�ú�;	@
f = x− p t/m

@�P$T�@�5&:�=�@z;�F�:�5�J&8�?�T�7�A�KWP�;	c]5Et
F�;	@z=&P�7�R�7&KWF�79Ud<�?�=O:�;�ú�a P�7�:�=E[	:�=O:�P�;�5kP�F�5�^]F�;GDd=&;	T6v

É):�v1¾¤79>G?�Z�?$:�m�fö<�:�7zK�T�@ =&>�7�R�79>�ws[G?�=&=O79F�?dP�aÂ\�7�T1F	@�5&:�=�@p}n¦�Y {Li, ~p 2} = 0
�

1MY {Li, ~r 2} = 0
v

É	Å�vg�nah<�;�=ET1;�:9miK�T�@�:�79<�>�;�P�ú�5�F�:�8�?�T1m�F�7�A�\�7�T�5
U(r)

H
r =

√
x2 + y2 + z2

Y
=&>97�R9>�; {Lx, H} f {Ly, H} v�wi79>	?�c�;�:�59f�<�:�7 Lz = {Lx, Ly}

vA�`=&\�7�T1m$Z&[�@
=&P�79U�=O:�P9?]=&>�7�R�79>zws[�?�=&=O79F�?�f	=LK15OTW?�U�:�5rP�aÂP�7�Kz7�R�;�F�:�5�J&8�?�TW?�D�KWP�;	c]5�F�;	@pv

ÑB�SRT� ô �~ÜNÝVß~ÞPß£à~Þ ò Ü � à�Û3�	/��Vß~Ü ~�ñ � �W�Và

 R õ R è R��BW<Y;kHã^ê

¾¤5�U�=O:�P�;�5�79\�8�5EK15OT�@�5&:�=�@d;�F�:�5�J&8�?�T�7�A

S =
t2
∫

t1

L(~q(t), ~̇q(t), t) dt .
Hh��v���Y

wi79=ET�5EKWF�;�U�R�5�8�5&:9=L@XP�K17�T1m]:98�?$5�>�:�798�;�;zAC5OcqK�[�KWP$[�A0@�\�7�T�7�c]5�F�;	@1A3;
~q (1) ;

~q (2) f�>�7�:�798�ah5k=&;�=O:�5�Ae?]Z�?�F�;�Ae?$5&:�PqZ�?�KM?�F�F�ah5¤AC7�AC5�F�:�a P�8�5�AC5�F�; t1
;
t2
v

w`8�;�F�ú�;�\ F�?�;�AC5�F�m�^k5�JO7 K15�U�=O:�P�;	@VHI\�8�;�F�ú�;�\ F ?�A3;	T1m�:�79F�?9Y¡@�P$T�@�5&:�=L@F�?�;�R�7�T�5&5 7�R9jk5�U�_`798�A0[�T1;�8�79P�>�79UQZ�?�>979F�?�AC5ED	?�F�;�<�5�=&>�79JO7 KWP�;	c]5�F�;	@pv� `F
J�TW?�=&;�:�}g\	[�=O:�mdPdAC7�AC5�F�:�aQP�8�5�AC5�F�;

t1
;
t2
=&;�=O:�5�Ae?XF�?�D�7&KW;�:�=�@�P�\�7�T�7�c]5Et

F�;	@	Dgfg>�7�:�798�ah5�79\�8�5EK15OT�@�{|:�=L@À=O7�7�:�P�5&:�=O:�P�5�F�F�7z>�7�798�KW;�F�?$:$?�A3;
~q (1) ; ~q (2) v

4679JLKM?�;�=O:�;�F�F�?�@Ã:�8�?$5�>�:�798�;	@zKWP�;	c]5�F�;	@�AC5OcqK�[d�&:�;�A3;Ã\�7�T�7�c]5�F�;	@1A3;Ã=O7�7�:�t
P�5&:�=O:�P$[95&:�A3;�F�;�Ae?�T1m�F�7�A0["Z�F�?�<�5�F�;�{�;�F�:�5�J&8�?�TW?dHh��v���Y+v

X`8�?�P�F�5�F�;�5 F ?�A3;	T1m�:�79F�? 8	ò >97�R9;z;�AC5&5&:�P�;GK
∂S

∂t
+H

(

q1, q2, ..., qN ,
∂S

∂q1
,
∂S

∂q2
, ...,

∂S

∂qN
, t

)

= 0 .
HË��v��9Y

 `F�7d\�7�T�[�<�?$5&:�=�@�;	Z�79\�8�5EK15OT�5�F�;	@xK15�U�=O:�P�;	@bHh��v���Y dS
dt

= L =q[�<�5&:�7�AQHh��vùÅ�Y+v
�ý�&:�7�A =ET�[�<�?$5�K15�U�=O:�P�;�5�Z�?�P�;�=&;�:z7�:ÃP�8�5�AC5�F�;�PÃ=ET�5EK�[�{sjk5�A =�A3aÂ=ET�59}6=&<�;Gt
:$?$5�Ahf6<�:�7Ã:�8�?$5�>�:�798�;�@l79>	?�F�<�;�P9?$5&:�=�@ Pd:�79<�>�5

~q (2) Pz8�?�Z&T1;�<�F�ah5XAC7�AC5�F�:�a
P�8�5�AC5�F�;

t2 = t
vö� [�8�?�P�F�5�F�;�;bHh��v��9Yi;�=&\�7�T1m$Z&[�5�A _i[�F�>�ú�;�{ F ?�A3;	T1m�:�79F�?�f6P



Î � à9áMâ�ãGâMÐ	åBÁ�ñ&çY��â�á�êO½��bà�â��3ê�áON9ï$ñ�èWâ
>�7�:�798	[�{�P9AC5�=O:�7�7�R�7�R9jk5�F�F�anDd;�A3\	[�T1m�=O79P�\�7�KW=O:$?�P$T�@�5�Au<�?�=O:�F�ah5]\�8�79;	Z�P�7&K�t
F�ah5¤_i[�F�>�ú�;�;

S
\�7�=O7�7�:�P�5&:�=O:�P$[�{sj];�A >�7�798�KW;�F�?$:�?�Ahv

� :�7�A.=ET�[�<�?$59f�5�=ET1; >�7�798�KW;�F�?$:$?
qn

; ∂S

∂qn

P�D�7�K�@�:NPQ[�8�?�P�F�5�F�;�5

F ?�A3;	T1m�:�79F�? 8	ò >�7�R9;�:�7�T1m�>�7 PÁP�;GK15ÀF�5�>�7�:�798�79U >�7�ACR9;�F�?�ú�;�; ϕ

(

qn,
∂S

∂qn

) f
F�5r=O7�K15�89c�?�jk5�U�KW8	[�J&;GD�>�7�798�KW;�F�?$:�f�:�7�P�7�Z�AC7�c�F�7�8�?�ZOK15OT�5�F�;�5�\�5�8�5�AC5�F�F�anDgv
� 8�5OZ&[�T1m�:$?$:�5`7�:�F�79=&;�:�5OT1m�F�7�\�5�8�5�AC5�F�F�79U

qn
\�7�T�[�<�?$5�A 7�R9aÂ>�F�79P�5�F�F�7�5|KW;�_st

_`5�8�5�F�ú�;�?�T1m�F�7�5Â[�8�?�P�F�5�F�;�59f�?i79=&F�79P�F�7�5h[�8�?�P�F�5�F�;�5|Pr<�?�=O:�F�anD�\�8�79;	Z�P�7�KWF�anD
;�AC5&5&:�AC5�F�m�^k5rF�5OZ�?�P�;�=&;�A3anD�\�5�8�5�AC5�F�F�anDgv


 R õ R õ R	�Nr�fcr<âHã
Å�vgø�?�U�:�;kK15�U�=O:�P�;�5yAe?$:�5�8�;�?�T1m�F�79Uq:�79<�>�;gf$KWP�;	c�[�jk5�U�=L@�Pi7�:�=E[	:�=O:�P�;�5|\�7�T�@
;d\�8�7�D97�K�@�jk5�Ud<�5�8�5OZr:�79<�>�;

~r1 = ~r (t1)
;
~r2 = ~r (t2)

v ! «�´�£E«�}

S =
m (~r2 − ~r1)

2

2 (t2 − t1)
.

Hh��vÿÈ9Y

É	vgø�?�U�:�;�K15�U�=O:�P�;�5iK�T�@�7�KWF�7�AC5�8�F�79JO7�JE?�8�AC79F�;�<�5�=&>�79JO7q79=&ú�;	T�T�@�:�798�?�f�\�8�7$t
D97�K�@�jk5�JO7�<�5�8�5OZr:�79<�>�;

x1 = x(t1)
;
x2 = x(t2)

v ! «�´�£E«�}

S =
mω

2 sinω(t2 − t1)

[

(x2
1 + x2

2) cosω(t2 − t1) − 2x1x2

]

,

\�8�;
ω → 0

\�7�T�[�<�?$5�A
S =

m (x2 − x1)
2

2 (t2 − t1)
,

<�:�7�=O79P�\�?�KM?$5&:�=�Hh��vÿÈ9Y+v
Ç�vgø�?�U�:�;zK15�U�=O:�P�;�5¤K�T�@ÃZ�?�89@	KM?�f�KWP�;	c�[�jk5�JO79=�@xP�7�KWF�798�7�KWF�7�A�Ae?�J&F�;�:�F�7�A
\�7�T�59v ! «�´�£E«�}

S =
m

2







(∆z)2

∆t
+
ω

2
ctg

ω∆t

2

[

(∆x)2 + (∆y)2 + ω(x1 y2 − x2 y1)
]







,

J�K15
ω = eH/mc f ∆t = t2 − t1

f
∆x = x2 − x1

f
∆y = y2 − y1

f
∆z = z2 − z1

v
��vgø�?�U�:�;x\�7�T1F�ahU¡;�F�:�5�J&8�?�Tx[�8�?�P�F�5�F�;	@ F ?�A3;	T1m�:�79F�? 8	ò >�7�R9;x;dZ�?�>�79F�KWP�;Gtck5�F�;	@xAe?$:�5�8�;�?�T1m�F�79Ud:�79<�>�;zP�7�:�=E[	:�=O:�P�;�5k\�7�T�@6v ! «�´�£E«�}

S = −|~p0|2
2m

t+ ~p0 ~r , ~r = ~r0 +
~p0

m
t .
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�	v�+�79=O:$?�P�;�:�mx[�8�?�P�F�5�F�;�5 F ?�A3;	T1m�:�79F�? 8	ò >�7�R9;lK�T�@ :�79<�>�;gföKWP�;	c�[�jk5�U�=�@ÁP7&KWF�798�7�KWF�7�A�J&8�?�P�;�:�?�ú�;�79F�F�7�A�\�7�T�59vqø�?�U�:�; \�7�T1F�aÂU ;�F�:�5�J&8�?�TS�&:�79JO7
[�8�?�P�F�5�F�;	@pf�?q:$?�>	c]5¤:�8�?$5�>�:�798�;�{�;XZ�?�>�79F"KWP�;	c]5�F�;	@z:�79<�>�;gv ! «�´�£E«�}

S = −E0t+ α1x+ α2y −
[

2m(E0 −mgz) − α2
1 − α2

2

]3/2

3m2g
,

z = z0 −
m2g

4





(x0 − x)2

α2
1

+
(y0 − y)2

α2
2



 ,

x = x0 −
α1

m
(t0 − t), y = y0 −

α2

m
(t0 − t), z = z0 −

g

2
(t0 − t)2,

J�K15
x0 = x(t0)

f
y0 = y(t0)

f
z0 = z(t0) = (2mE0 − α2

1 − α2
2)/(2m

2g)
f

α1 = const
f
α2 = const

v

��vgø�?�U�:�;k\�7�T1F�aÂU];�F�:�5�J&8�?�T][�8�?�P�F�5�F�;�5 F ?�AC;	T1m�:�79F�? 8	ò >�7�R9;rK�T�@k:�5OTW?�f&KWP�;Gtcq[�j]5�JO79=L@�\�7�JLTW?�KW>�79U�F�?�>	T�79F�F�79Ud\	T�79=&>�79=O:�;gf�=O79=O:�?�P$T�@�{sjk5�U"[�JO7�T
α
=

JO798�;	Z�79F�:�7�Ahv ! «�´�£E«�}

S = −E0t+ p0y +

[

2mE0 − p2
0 + 2m2gx sinα

]3/2

3m2g sinα
.

�	vgø�?�U�:�;�\�7�T1F�aÂU�;�F�:�5�J&8�?�T�[�8�?�P�F�5�F�;	@ F ?�A3;	T1m�:�79F�? 8	ò >�7�R9;ÃK�T�@�Ae?$:�5�Ae?�t:�;�<�5�=&>979JO7�Ae?�@�:�F�;�>	?�;�5�JO7qZ�?�>�79F"KWP�;	c]5�F�;	@zP�>�P9?�KW8�?$:$[�8�59v ! «�´�£E«�}

S = −E0t+
∫

√

2ml2(E0 +mgl cosϕ) dϕ ,

t− t0 =
1

2

∫

√

√

√

√

√

2ml2

(E0 +mgl cosϕ)
dϕ .
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~A = −H y ~nx

v ! «�´�£E«�}

S = −E0t+ α1x+ α2z +
∫

√

√

√

√ 2mE0 − α2
2 −

(

α1 −
e0

c
Hy

)2

dy ,

x = x0+
p⊥c

e0H
cosω(t−t0), y = y0−

p⊥c

e0H
sinω(t−t0), z = z0+

α2

m
(t−t0),
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(x− x0)
2 + (y − y0)

2 =

(

c p⊥
e0H

)2

,

J�K15
ω = e0H/mc

f
y0 = α1c/e0H

f
p⊥ =

√

2mE0 − α2
2

f
α1 = const

f
α2 = const

f
e0 = −e H e � Z�?�89@	Kz�OT�5�>�:�8�79F�?9Y+v

È�vgø�?�U�:�;�\�7�T1F�aÂU�;�F�:�5�J&8�?�T�[�8�?�P�F�5�F�;	@ F ?�A3;	T1m�:�79F�? 8	ò >�7�R9;�K�T�@ Z�?�8�@	KM?�fKWP�;	cq[�j]5�JO79=L@zP�\�79=O:�7�@�F�F�7�A ;�7�KWF�798�7�KWF�7�A Ae?�J&F�;�:�F�7�A \�7�T�5 H HIP�ú�;Gt
T1;�FGKW8�;�<�5�=&>�;GD >97�798�KW;�F�?$:$?�D1Y+vnwi7�T�[�<�;�:�m�Z�?�>�79FlKWP�;	c]5�F�;	@b;Á:�8�?$5�>�:�7$t
8�;�{�P]>�P9?�KW8�?$:$[�8�?�Dgv�De©�¦2E�¦$§�¨W£E}�P�ahR98�?$:�mqP�5�>�:�798�F�aÂUX\�7�:�5�F�ú�;�?�TzP]P�;GK15
~A = −H

2
r ~nϕ

v ! «�´�£E«�}

S = −E0t+ α1ϕ+ α2z +
∫

√

√

√

√ 2mE0 − α2
2 −

(

α1

r
+
e0

2c
Hr

)2

dr ,

t− t0 =
∫ mdr
√

√

√

√ 2mE0 − α2
2 −

(

α1

r
+
e0

2c
Hr

)2
,

ϕ− ϕ0 =
∫

(

α1

r
+
e0

2c
Hr

)2

dr
√

√

√

√ 2mE0 − α2
2 −

(

α1

r
+
e0

2c
Hr

)2
,

z − z0 =
∫ α2 dr
√

√

√

√ 2mE0 − α2
2 −

(

α1

r
+
e0

2c
Hr

)2
.
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:�8�79F�?�f KWP�;	c�[�jk5�JO79=�@ P�7bP$Z�?�;�A3F�7 8 \�5�8�\�5�FGKW;�>	[�T�@�8�F�anD \�79=O:�7�@�F�F�anD ;7&KWF�798�7�KWF�anD �OT�5�>�:98�;�<�5�=&>97�A ~E ; Ae?�J&F�;�:�F�7�A ~H \�7�T�@	DgvÈDe©�¦2E�¦$§�¨W£E}
~A = −H y ~nx

f
ϕ = −E y v ! «�´�£E«�}

S = −E0t+α1x+α2z+
∫

√

√

√

√ 2m(E0 − e0Ey) − α2
2 −

(

α1 −
e0

c
Hy

)2

dy .

Å�Å�vgø�?�U�:�;S\�7�T1F�aÂUS;�F�:�5�J&8�?�TS[�8�?�P�F�5�F�;	@ F ?�A3;	T1m�:�79F�? 8	ò >�7�R9;NK�T�@ Z�?�89@	t
KM?�feKWP�;	c�[�jk5�JO79=�@ P�\�7�T�5¡P�7�T1F�a =xP�5�>�:�798�F�ayAS\�7�:�5�F�ú�;�?�T�7�A ~A(t) =

~a cosωt
vWø�?�U�:�;XZ�?�>�79F"KWP�;	c]5�F�;	@dZ�?�8�@	KM?�v ! «�´�£E«�}

S = ~α~r− 1

2m

∫

(

~α− e

c
~a cosωt

)2

dt , ~r = ~r0+
1

m

(

~α t− e

ωc
~a sinωt

)2

.
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m
=&>97�T1m$Z�;�:"\�7"JLTW?�KW>�79UÃP�5�8�:�;�>	?�T1m�F�79U

\	T�79=&>979=O:�;gfWP�8�?�jq?�{sjk5�U�=L@zP�79>�8	[�J¤P�5�8�:�;�>G?�T1m�F�79UÃ79=&;d=¤\�79=O:�7�@1F�F�79U�[�J+t
T�79P�79Ux=&>�798�79=O:�m�{

ω
H
I 8 � J�TW?�P�F�aÂU¡ú�5�F�:�8�?�T1m�F�aÂUÀAC7�AC5�F�:X=O:�5�89c�F	@WY+v

ø�?�U�:�;�\�7�T1F�aÂU�;�F�:�5�J&8�?�T�[�8�?�P�F�5�F�;	@ F ?�A3;	T1m�:�79F�? 8	ò >�7�R9;qK�T�@�=O:�5�89c�F	@pv `\�8�5EK15OT1;�:�m�Z�?�>�79F�KWP�;	c]5�F�;	@pv�De©�¦2E�¦�§�¨W£E}�8�?�=&=�AC7�:�8�5�F�;�5Ã\�8�79P�7�KW;�:�m P
KWP�;	cq[�j]5�U�=L@XP9AC5�=O:�5i=s\	T�79=&>�79=O:�m�{�=&;�=O:�5�AC5i>97�798�KW;�F�?$:�f	79=&m

Oy
F�?�\�8�?�t

P�;�:�m�P�F�;	Zx\�7�79=&;uP�8�?�jk5�F�;	@pf379=&m
Ox 8 � P�K17�T1m�\	T�79=&>979=O:9;gfe<�5�8�5OZ

x;
y
7�R�7�Z�F�?�<�;�:�md>�7�798�KW;�F�?$:�aNú�5�F�:�8�?dAe?�=&=q=O:�5�89c�F	@�F�?XP�8�?�jq?�{sjk5�U�=�@

P�5�8�:�;�>G?�T1m�F�79U¡\	T�79=&>�79=O:�;gfM<�5�8�5OZ
θ 8 � [�JO7�T¡F�?�>	T�79F�?�=O:�5�89c�F	@¡>xJO798�;Gt

Z�79F�:�?�T1m�F�79Uz\	T�79=&>�79=O:�;gv ! «�´�£E«�}�_i[�F�>�ú�;	@ F ?�A3;	T1m�:�79F�?

H =
1

2m



p2
x + p2

y +
p2
θ

I/m



− mω2

2

(

I

m
cos2 θ + x2

)

−mgy ;

\�7�T1F�ahUz;�F�:�5�J&8�?�T

S = −H0 t+
∫
√

m2ω2x2 + 2α1 dx+
∫
√

2m2gy + 2α2 dy+

+

√

√

√

√

I

m

∫
√

Imω2 cos2 θ + 2mH0 − 2α1 − 2α1 dθ ;

Z�?�>979F"KWP�;	c]5�F�;	@Ãú�5�F�:�8�?�Ae?�=&=�=O:�5�8�c�F	@

x =

√
2α1

2mg

(

eA + e−A
)

, y =
g

2
t2 +Bt+

B2

2g
− α2

gm2
,

J�K15
A = ω (t + B/g)

f
B = g(mβ2 − t0)

�0Z�?�>�79FuP�8�?�jk5�F�;	@u=O:�5�8�c�F	@
7�:�F�79=&;�:�5OT1m�F�7�ú�5�F�:�8�?�Ae?�=&=`79\�8�5EK15OT�@�5&:�=�@d;	Z¤P�aÂ8�?�c]5�F�;	@

t− t0 =

√

√

√

√

I

m

∫ mdθ
√

Imω2 cos2 θ + 2mH0 − 2α1 − 2α1

.

Å�Ç�vgwi7q;	Z�P�5�=O:�F�79U"_i[�F�>�ú�;�; a ?�J&8�?�F	c�? L(q1, q2, q̇1, q̇2) =
1

2

(

q̇2
1q

4
1 + q̇2

2q
2
2

)

−
q2
2

q2
1

=O79=O:$?�P�;�:�m][�8�?�P�F�5�F�;�5 F ?�A3;	T1m�:�79F�? 8	ò >�7�R9;gf�F�?�U�:�;�5�JO7q\�7�T1F�aÂUd;�F�:�5EtJ&8�?�Tz;X[�8�?�P�F�5�F�;	@XKWP�;	c]5�F�;	@ÃP�>�P9?�KW8�?$:$[�8�?�Dgv

Å?��vgwi7 ;	Z�P�5�=O:�F�79UN_i[�F�>�ú�;�; a ?�J&8�?�F	c�? L =
1

2



q̇2
1 +

q̇2
2q

2
1

q2
2





=O79=O:$?�P�;�:�m
[�8�?�P�F�5�F�;�5 F ?�A3;	T1m�:�79F�? 8	ò >�7�R9;gf�F�?�U�:9;b5�JO7�\�7�T1F�aÂU�;�F�:�5�J&8�?�T�;u[�8�?�P�tF�5�F�;	@"KWP�;	c]5�F�;	@ÃP�>�P9?�KW8�?$:$[�8�?�Dgv
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�F� ��-(�(��"�3(-(y�-(,(@F�
)(-�5
�
,��E)��
@���,

I = E/ω
O
ω = 2π/τ
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e
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U = e
~a~r

r3

H
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S = Sr(r) + Sθ(θ) + Sϕ(ϕ)
v

ÑB�z���Yô���à~ÜW�NÜ1/Hà - Þ�� � à~Þ�à£ß~ÝNÜ1�£à~ÜVß0/��


 R � R è R��BW<Y;kHã^ê
ws[�=O:�mr=&;�=O:�5�Ae?�=O79P�5�8�^q?$5&:`7�KWF�7�AC5�8�F�7�5y_�;�F�;�:9F�7�5ÂKWP�;	c]5�F�;�5s;�7�KW;�F�;	Z

5&5�\�?�8�?�AC5&:�8�79P
λ
AC5EK�T�5�F�F�7�H ?�KW;�?$R�?$:�;�<�5�=&>�;1YkAC5�F	@�5&:�=�@l=O7ÃP�8�5�AC5�F�5�Ahfp:�?�>

<�:�7
τ
dλ

dt
� λ

H
τ � \�5�8�;�7�K¡KWP�;	c]5�F�;	@WY+vp��8�5OZ&[�T1m�:$?$:�5�\�7�T1F�?�@ÀAC5ED	?�F�;�<�5Et

=&>	?�@¡��F�5�8�J&;	@¡:$?�>979UÀ=&;�=O:�5�A3a�R�[�K15&:dAC5�F	@�:�m�=�@�=O7�P�8�5�AC5�F�5�A
E(t)

vpøi7X79>	?�t
Z�aÂP9?$5&:�=�@pfW<�:�7�=E[�jk5�=O:�P$[95&:�:$?�>	?�@¡P�5OT1;�<�;�F�?�fM>�7�:�798�?�@¡79=O:$?$5&:�=�@¡\�79=O:�7�@�F�F�79U
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J
}

J =
1

2π

∮

p dq ,
Hh��vùÅ2:9Y

;�F�:�5�J&8�?�Tl\�7�Z�?�A3>�F	[	:�7�A0[¡>�79F�:$[�8	[�R�5�8�5&:�=�@À\�7�:�8�?$5�>�:�798�;�;�KWP�;	c]5�F�;	@�\�8�;
\�79=O:�7�@�F�F�anD

λ
;
E
v
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 R � R õ R	�Nr�fcr<âHã
Å�vgø�? \�8	[Gc�;�F�5 P�;�=&;�:BAC5�^k79> Ae?�=&=&a

m = 50
>�J+v%ã)5�=O:�>�79=O:�mV\�8	[�t

c�;�F�a
k

HI8�;�=�vö��vùÅ�Y+v�+n7�K15�89c�;�AC7�5VAC5�^]>	? P�aÂ=&aÂ\�?$5&:�=�@.F�?BZ�5�A0T1{
(

dm

dt
= 100

J
/
A3;�F ) vA7i5�A0[`8�?�P�5�Fr?�KW;�?$R�?$:�;�<�5�=&>�;�U¤;�F�P9?�8�;�?�F�:hK�T�@r:$?�>�7$t
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m
KWP�;	c]5&:�=L@ P�79>�8	[�JzZ�P�5OZOKWaBAe?�=&=&a

M
\�7 �OT�T1;�\�=E[

="\�7�T�[979=�@1A3;
a
;
b
v3w`8�5EKW\�7�TW?�JE?�@pfö<�:�7ÀP�=ET�5EKW=O:�P�;�5�;	Z&T�[�<�5�F�;	@uAe?�=&=�?
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KWP�;	ck5�F�;	@�\	TW?�F�5&:�a�v ! «�´�£E«�}

E/M 2 = const
f
Ma = const

;
Mb =

const
v�wi79=&>�7�T1m�>	[�P�5OT1;�<�;�F�a

aM
;
bM

?�KW;�?$R�?$:�;�<�5�=&>�;X=O7&D�8�?�F	@1{y:9=L@pf
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E/G2 = const
f
Ga = const

;
Gb = const
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z
vöw`8�5EKW\�7�TW?�JE?�@pfg<�:�7

R

∣

∣

∣

∣

∣

∂Hz

∂z

∣

∣

∣

∣

∣

� |Hz|
H
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⊥
2H = const
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;	Z�A05�F�5�F�;�5���F�5�8�J&;�;lAe?�@�:�F�;�>	?Ã\�8�; AC5EK�T�5�F�F�7�A�P�5�8�:�;�>	?�T1m�F�7�A�\�5�8�5�A05Et
jk5�F�;�;�>�7�T�5�<�>	?�v ! «�´�£E«�}

E 2 |AB| = const
v

��v�ÉN?�8�;�>gf F�?�D�7&K�@�j];�U�=�@�P�T1;�_`:�59fh\�7�KW=&>	?�>�;�P9?$5&:ÁF�?�K�[�\�8	[�JO79U \	T1;�:�79Ugv
¿�?�>";	Z�AC5�F	@�5&:�=�@XAe?�>G=&;�Ae?�T1m�F�?�@XP�aÂ=O7�:$?�f�F�?k>�7�:�798	[�{�\�7�KWF�;�Ae?$5&:�=�@�^q?�t
8�;�>gf�>�79JLKM?s[�=&>9798�5�F�;�5hT1;�_`:$?¤AC5EK�T�5�F�F�7r;	Z�AC5�F	@�5&:�=�@ ; ¿�?�>�AC5�F	@�5&:�=�@�P�ant=O7�:�?�f35�=ET1;u\	T1;�:$?�AC5EK�T�5�F�F�7�\�7�KWF�;�A3?$5&:9=L@ ; ! «�´�£E«�}

h ∝ g−1/3 H
g �[9=&>�798�5�F�;�5¤=&P�7�R�7�KWF�79JO7�\�?�K15�F�;	@WYEv

�	vg¿�?�>�;	Z�AC5�F	@�5&:�=�@`��F�5�8�J&;	@r<�?�=O:�;�ú�a�Py\�7�T�5
U
\�8�;¤AC5EK�T�5�F�F�7�Ad;	Z�AC5�F�5�F�;�;

\�?�8�?�A05&:98�79Pk\�7�T�@¡H
A
f
α
f
U0
f
n
Y ; ¦GY U = A

(

e−2αx − 2e−αx
) ��1MY

U =

− U0

ch2(αx)

��´�Y
U = U0 tg(αx)

��¶&Y
U = A |x|n v�De©�¦2E�¦$§�¨W£E}$;�=&\�7�T1m$Z�79P9?$:�m

¤r°c±$¯ ·8¬�­8»8°8¬�´PÕ!·8ª1±V«c° À º�ª1±�kpx�¬�¬P«!­8¬µ´Ak�«�º�¬�s�»>º�Ô8¬�­8³ ´(¬�°8ª À Á Â!°poï¬P¯ À °8°poï¬^º�«!³D¯ ¬�ª1¬�Á Â�º�ª1«!¶}�Hªc±V°D¬�³8¾µ´(¬�°D¹
°8±�º�ª1³ ½ ¶>°D¯ À ´(¬�°8ª À Á Â!°8±!¼£«!¬�Á ³8·8³8°po

G
Ç
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GV-("

;�(
ñ��
F�{7D�802�8�(��� GV-("

;�(
 	�
F�{7D�802�8�(�¤ó GV-("

;�(
 �(
F��7D�802�D�(�¤�

_i798�A0[�T�[
τ = 2π

∂J

∂E

v ! «�´�£E«�}

¦GY
E = −A

(

1 − αJ√
2mA

)2

;
1MY
E = −U0

(

1 − αJ√
2mU0

)

;

´9Y
E = αJ

√

√

√

√

2U0

m
+
αJ2

2m
;

¶&Y
E =

[
√

π

2m

J

2
A1/n Γ

(

1

n
+

3

2

)/

Γ

(

1

n

)]

2n
n+2

.

��v�7�?�=O:�;�ú�?�KWP�;	c]5&:�=�@�\�7�F�?�>	T�79F�F�79U�\	T�79=&>�79=O:�;
AB

HI=�Ahv	8�;�=�v���vÿÇ9Y+f�[�\�8	[�t
JO7¡7�:�8�?�c�?�@�=&m¡7�:À=O:�5�F�>�;ÁP¡:�79<�>�5

A
veø�?�U�:�;gfe>G?�>Á;	Z�AC5�F	@�5&:�=�@uAe?�>G=&;Gt

A3?�T1m�F�?�@ P�aÂ=O7�:$?Á\�7�K1op5�Ae? <�?�=O:�;�ú�a \�8�;�AC5EK�T�5�F�F�7�AS;	Z�AC5�F�5�F�;�;�[�J�TW?
α
v ! «�´�£E«�}

h ∝ (sinα)2/3 v

È�vg¿�?�>�;	Z�AC5�F	@�5&:�=�@�?�A3\	T1;�:$[�KM?z>�7�T�5&R�?�F�;�U�Ae?�@�:�F�;�>	?
OA

HI=�Ahvg8�;�=�v���v��GY+f
F�?�D97�K�@�jk5�JO79=�@�F�?uF�?�>	T�79F�F�79U�\	T�79=&>�79=O:�;gfy\�8�; AC5EK�T�5�F�F�7�A ;	Z�AC5�F�5�F�;�;
[�JLTW?

α
v ! «�´�£E«�}

ϕ ∝ (sinα)−1/4 v

Å2:�vgø�?�U�:�;k?�KW;�?$R�?$:�;�<�5�=&>�;�Uk;�F�P9?�8�;�?�F�:yK�T�@]Ae?$:�5�Ae?$:�;�<�5�=&>�79JO7iAe?�@�:�F�;�>G?�f�F�5
\�8�5EKW\�7�TW?�J+?�@">�7�T�5&R�?�F�;	@"Ae?�T1ayA3;xH

ϕ0 � Ae?�>G=&;�Ae?�T1m�F�aÂU�[�JO7�T"7�:�>	T�79F�5Et
F�;	@WY+v ! «�´�£E«�}

J =
8ml

√

gl

π

[

E

(

sin
ϕ0

2

)

− cos2 ϕ0

2
·K

(

sin
ϕ0

2

)]

,

ZOK15�=&m
K

;
E � �OT�T1;�\�:�;�<�5�=&>�;�5X;�F�:�5�J&8�?�T1aS\�5�8�P�79JO7x; P�:�798�79JO7x8�7�KM?

=O7�7�:�P�5&:�=O:�P�5�F�F�7�v

Å�Å�vgø�?X79=&ú�;	T�T�@�:�798�K15�U�=O:�P$[95&:Ã=&;	TW?
F (t)

v0ø�?�U�:�;ÀZ�?�P�;�=&;�AC79=O:�mÃ?�KW;�?$R�?$:�;Gt
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<�5�=&>979JO7�;�F�P9?�8�;�?�F�:$?
J =

1

2

∮

p dq
7�:�P�8�5�AC5�F�;gv ! «�´�£E«�}

J(t) = J(0) +
ẋ(0)

ω2

t
∫

0

F sinωt dt− 1

ω



x(0) − F (0)

mω2





t
∫

0

F cosωt dt+

+
1

2mω

∣

∣

∣

∣

∣

∣

∣

t
∫

0

Ḟ eiωt dt

∣

∣

∣

∣

∣

∣

∣

2

.

Å�É	vgø�?�U�:�;�=&P$@�Z�mdAC5OcqK�[�7�R�op5�AC7�A�;¡KM?�P$T�5�F�;�5�A�û¼J+?�Z�?�ü+f½=O79=O:�7�@�jk5�JO7d;	Z�<�?�t
=O:�;�úgf9>�7�:�798�ah5hKWP�;	c�[	:9=�@�\�?�8�?�T�T�5OT1m�F�7k8�5&R98�?�A�P�F	[	:�8�;�>	[	R�?�f�7�R�op5�A�>�7$t
:�798�79JO7�AC5EK�T�5�F�F�7�;	Z�AC5�F	@�5&:�=�@pv ! «�´�£E«�}

PV 5/3 = const
v

Å�Ç�v�7�?�=O:�;�ú�?rKWP�;	c]5&:�=�@zP�F	[	:�8�;X[�\�8	[�JO79JO7�\�?�8�?�T�T�5OT1;�\�5EKM?�v1¿�?�>X;	Z�AC5�F	@�5&:�=�@
��F�5�8�J&;	@�<�?�=O:�;�úgf�5�=ET1;�8�?�Z�AC5�8�au\�?�8�?�T�T�5OT�5�\�;�\�5EKM?rAC5EK�T�5�F�F�7r;	Z�AC5�F	@�{|:�t
=L@pv ! «�´�£E«�}

E =
π2

2m





I2
1

a2
+
I2
2

b2
+
I2
3

c2



 ,

J�K15
a
f
b
f
c � K�T1;�F�a 8�5&R�5�8d\�?�8�?�T�T�5OT�5�\�;�\�5EKM?�f1?

Ii = const
v

Å?��v�7�?�=O:�;�ú�?�KWP�;	c]5&:�=�@�P�F	[	:�8�;�=&_`5�8�aV=z[�\�8	[�J&;�A3;�=O:�5�F�>	?�A3;gf 8�?�KW;	[9=
R>97�:�798�79U�AC5EK�T�5�F�F�7X;	Z�AC5�F	@�5&:�=�@pvM¿�?�>Ã;	Z�AC5�F�;�:�=�@x\�8�;x�&:�7�Ab��F�5�8�J&;	@Ã<�?�t

=O:�;�ú�a
E
;X[�JO7�T

α
f�\�7�Kx>�7�:�798�ayAu79F�?�F�?�T�5&:$?$5&:�F�?�=O:�5�F�>	[ ; ! «�´�£E«�}

ER 2 = const, sinα =
L

R
√

2mE
= const.

ZOK15�=&m
L ≡ Lz � AC7�AC5�F�:�;�A3\	[�T1m�=�?�f�>97�:�798�aÂUÃ=O:�8�79JO7�=O7�D�8�?�F	@�5&:�=�@pv

ÅA�	vg¿�?�>Á;	Z�AC5�F	@�5&:�=�@���F�5�8�J&;	@u;Á:�8�?$5�>�:�798�;	@b<�?�=O:�;�ú�a�f =O79P�5�8�^q?�{sjk5�U�_�;Gt
F�;�:�F�7�5yKWP�;	ck5�F�;�5iP¤\�7�T�5

U(~r )
\�8�;"AC5EK�T�5�F�F�7�AÀ;	Z�AC5�F�5�F�;�;�>�7���_�_�;�ú�;Gt

5�F�:�?
γ ; ¦GY U = −γ r−n 0 < n < 2

��1MY
U =

~a~r

r3
+
γ

r4

v ! «�´�£E«�}
¦GY
E ∝ γ2/(2−n);

1½Y
E ∝ γ−1.

Å2��vgø�?�U�:�;Ã;	Z�AC5�F�5�F�;�5r��F�5�8�J&;�;Ã<�?�=O:�;�ú�a�P�ú�5�F�:�8�?�T1m�F�7�Ab\�7�T�5]\�8�;xAC5EK�T�5�FGt
F�7�A�û¼P�>	T1{s<�5�F�;�;GükAe?�T�79U"K17�R�?�P�>�;d>d\�7�T1{

δU(r)
v ! «�´�£E«�}

δE = 〈δU〉 =
2

τ

rmax
∫

rmin

δU mr dr
√

2mr2(E − U) − L2
.

ÅA�	v� `\�8�5EK15OT1;�:�m J&8�?�F�;�ú�a.7�R�TW?�=O:�;gf¤P >�7�:�798�79U�KWP�;	c]5&:�=�@SAC5OcqK�[�KWP$[�A0@
[�\�8	[�J&;�AC; \�79P�5�8�D�F�79=O:�@1A3;

y = 0
;
y =

a ch(αx)

ch(2αx)

<�?�=O:�;�ú�?�f|P�a T�5Et
:�5�P�^q?�@l;	Z"F�?�<�?�TW?z>�7�798�KW;�F�?$:x\�7�Kl[�J�T�7�A

ϕ
>�79=&;

y
Pz\	T�79=&>�79=O:�;

xy
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H
α, ϕ� 1

Y+f�;d\�5�8�;�7�Kx>�7�T�5&R�?�F�;�UzP�K17�T1m�79=&;
x
v ! «�´�£E«�}

tg(αxmax) = tgϕ, τ =
2π

αv
√

cos 2ϕ
.

Å2��vg¿�?�>�;	Z�AC5�F	@�:�=�@À8�?�KW;	[9=�;À\�7�T�7�c]5�F�;�5�ú�5�F�:�8�?�798�R9;�:�a�Z�?�89@�ck5�F�F�79UÀ<�?�t
=O:�;�ú�aSH Z�?�89@	K

e
Yy\�8�;dKWP�;	c]5�F�;�;�P�7�KWF�798�7�KWF�7�A Ae?�J&F�;�:�F�7�A \�7�T�5]=kF�?�t

\�8�@�c]5�F�F�79=O:�m�{ H fGAC5EK�T�5�F�F�7k;	Z�AC5�F	@�{sj];�A3=�@�\�7]P�5OT1;�<�;�F�5 ; De©�¦2E�¦$§�¨W£E}P�5�>�:�798�F�aÂUz\�7�:�5�F�ú�;�?�TxP�ahR98�?$:�m�P�P�;GK15 ~A = (0, Hx, 0)
v ! «�´�£E«�}

J =
2mE − p2

z

2mω
∝ v2

⊥
H ∝ πa2H ,

J�K15
ω = eH/(mc) f a = cmv⊥/eH � 8�?�KW;	[�=�798�R9;�:�aS<�?�=O:�;�ú�a�f

c �=&>9798�79=O:�mi=&P�5&:$?�f
m � Ae?�=&=�?y<�?�=O:�;�ú�a�f v⊥ � \�5�8�\�5�FGKW;�>	[�T�@�8�F�?�@q>]\�7�T1{>97�A3\�79F�5�F�:$?"=&>�798�79=O:�;x<�?�=O:9;�ú�a`v�+�T�5EK179P9?$:�5OT1m�F�7

a ∝ H−1/2 f½?�8�?�=&=O:�7$t@�F�;�5rú�5�F�:�8�?�798�R9;�:�a�7�:�\	T�79=&>�79=O:�;
yz

8�?�P�F�7
x0 = cpy/eH

v
Å�È�vg�nah<�;�=ET1;�:9mÀ?�KW;�?$R�?$:�;�<�5�=&>�;�5�;�F�P9?�8�;�?�F�:�a K�T�@ Z�?�89@�c]5�F�F�79JO7¡79=&ú�;	T�T�@	t

:�798�?�=¤=O7�R9=O:�P�5�F�F�79Uz<�?�=O:�7�:�79U
ω
P�7�KWF�798�7�KWF�7�A�Ae?�J&F�;�:�F�7�A \�7�T�59v{De©�¦$®E�¦$§�¨W£E}0P�ahR98�?$:�m�P�5�>�:�798�F�aÂUÁ\�7�:�5�F�ú�;�?�T P¡P�;GK15

Aϕ = rH(t)/2
f
Ar =

Az = 0
v ! «�´�£E«�}

Jr = Jr



pϕ,
2mcE⊥ + eHpϕ

c
√

ω2 + (eH/mc2)2



 , Jϕ = pϕ , Jz =
Ez

ω
,

:�?�>�;�Au7�R98�?�Z�7�Ahf
Ez ∝ ω

f
E⊥ +

eHpϕ
2mc

∝
√

√

√

√ω2 +

(

eH
2mc

)2 v

É):�vgø�?�U�:�;�\�5�8�;�7�Kb>�7�T�5&R�?�F�;�U �OT�5�>�:�8�79F�?¡P�K17�T1m¡79=&;�P�Ae?�J&F�;�:�F�79U T�79P$[�^rt
>959v($z?�J&F�;�:�F�7�5`\�7�T�5|T�79P$[�^]>�;"=&;�AeAC5&:�8�;�<�F�7]7�:�F�79=&;�:�5OT1m�F�7]79=&;

z
fG\�8�;Gt

<�5�A Hϕ = 0
f Hz = Hz(z)

f Hr = −r
2

∂Hz(z)

∂z

} ¦�Y Hz(z) =

H0

(

1 + λ th2 z

a

) �W1MY Hz(z) = H0



1 +
z2

a2





v ! «�´�£E«�}

¦GY
τ =

2πa

v
√

λ sin2 α− cos2 α
;

1MY
τ =

2πa

v sinα
,

J�K15
α � [�JO7�TÃAC5OcqK�[X=&>�798�79=O:�m�{�<�?�=O:9;�ú�a

~v
;X79=&m�{

z
PqF�?�<�?�T�5r>�7�798Gt

KW;�F�?$:�v
É	Å�vg¿�?�>u;	Z�AC5�F	@�{|:�=�@ ��F�5�8�J&;	@u�OT�5�>�:�8�79F�?�; \�5�8�;�7�K 5�JO7�>�7�T�5&R�?�F�;�U P�K17�T1m

79=&;
z
P�Ae?�J&F�;�:�F�79UuT�79P$[�^]>�59f379\�;�=�?�F�F�79U P�\�8�5EKWanK�[�jk5�UÁZ�?�KM?�<�5z\�8�;

A05EK�T�5�F�F�7�Au;	Z�AC5�F�5�F�;�;d\�?�8�?�AC5&:�8�79P�\�7�T�@ H0
f
λ
f
a ; ! «�´�£E«�}

¦GY
a2 (λE⊥ − Ez) = const ,

1MY
Ez

√
H0/a = const ,\�8�;�<�5�A

E = E⊥ + Ez
f
E⊥/H0 = const

v
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¾rT�@�79\�;�=�?�F�;	@�KWP�;	c]5�F�;	@�R�7�T1m�^k79JO7k>�7�T�T�5�>�:�;�P9?k<�?�=O:�;�ú"AC5&:�7�KWa >	TW?�=+t
=&;�<�5�=&>�79U�AC5ED	?�F�;�>�;�[Gc]5rF�5�\�8�;�AC5�F�;�A3a F�5`:�7�T1m�>97�;	ZOt Z�?¤:�5ED�F�;�<�5�=&>�79U�\�8�7$t
R�T�5�A3aS8�5�^k5�F�;	@ 79J&8�7�A3F�79U�=O79P�79>	[�\�F�79=O:�;lKW;�_�_`5�8�5�F�ú�;�?�T1m�F�anD�[�8�?�P�F�5�F�;�U
KWP�;	c]5�F�;	@�<�?�=O:�;�ú]Z�?i8�?�Z&[�A3F�aÂU�=&8�79>gf$F�7r;q;	ZOt Z�?iF�5�P�7�Z�AC7�c�F�79=O:�;�\�79=O:$?�P�;�:�m
:�79<�F�ah5sF�?�<�?�T1m�F�ah5Â[�=ET�79P�;	@]K�T�@�>	?�cqK179U�<�?�=O:�;�ú�a�v�¾rT�@�;	Z&[�<�5�F�;	@�R�7�T1m�^];GD
?�F�=�?�ACR�T�5�UÀ<�?�=O:�;�úl;�=&\�7�T1m$Z&[�{|:�f6Pd79=&F�79P�F�7�AhfMKWP�5"Ae?$:�5�Ae?$:�;�<�5�=&>�;�5XAC7&K15OT1;
� J+?�Z�79>�;�F�5&:�;�<�5�=&>	[�{�;d_`5�F�7�AC5�F�7�T�79J&;�<�5�=&>	[�{SH AC7&K15OT1m�=&\	T�79^]F�79Ud=&8�5EKWa|Y+v

 `\�8�5EK15OT1;�A�AC7&K15OT1m%¿ ¨�µ�©�²¢ùÁ¹OºG¯1²�»�§1²Aù�¹¼¬½£Eµ�±ev�+ ;�=O:�5�A0[¡;	ZqR�7�T1m�^]79JO7
<�;�=ETW?�P$Z�?�;�AC7�K15�U�=O:�P$[�{sj];GDz<�?�=O:�;�úÃAC7�c�F�7�D	?�8�?�>�:�5�8�;	Z�79P9?$:�m�=ET�5EK�[�{sj];�A3;
\�?�8�?�AC5&:�8�?�A3;g}

τ � D	?�8�?�>�:�5�8�F�aÂU \�8�7�AC5Oc�[	:�79>uP�8�5�AC5�F�;ÁAC5OcqK�[Á=O:�7�T1>�F�7$t
P�5�F�;	@1A3;x<�?�=O:�;�úgf

l � K�T1;�F�?X;GD¡=&P�7�R�7�KWF�79JO7"\�8�7�R�5�JE?"AC5OcqK�[¡=O:�7�T1>�F�79P�5�F�;Gt
@1A3;gf

L � D	?�8�?�>�:�5�8�F�aÂUÁ\�8�79=O:98�?�F�=O:�P�5�F�F�aÂU Ae?�=&^k:�?$RxZ�?�KM?�<�;�HIF�?�\�8�;�AC5�8gf
8�?�Z�AC5�8�=&;�=O:�5�A3a|Y+f

T � D	?�8�?�>�:�5�8�F�aÂUzP�8�5�AC5�F�F�79UdAe?�=&^k:�?$RqZ�?�KM?�<�;�HIF�?�\�8�;Gt
AC5�8gfMP�8�5�A0@x;	Z�AC5�F�5�F�;	@�Ae?�>�8�79=&>�79\�;�<�5�=&>�;GDx\�?�8�?�AC5&:�8�79PX=&;�=O:�5�A3a|Y+v�$�7&K15OT1m
=&\	T�79^]F�79U�=&8�5EKWau\�8�;�AC5�F�;�Ae?�f�5�=ET1;qP�aÂ\�7�T1F	@�{|:�=�@�[�=ET�79P�;	@p}

τ � T
f
l � L

v
40?�>	[�{S=&8�5EK�[xR�[�K15�A�F�?�Z�aÂP9?$:�m"ûËc�;GKW>979=O:�m�{yü·f6P�K15�U�=O:�P�;�:�5OT1m�F�79=O:�;�79F�?dAC7$t
c]5&:i@�P$T�@�:�m�=�@�J+?�Z�7�Ahf$P�7�K179Ugf�\	TW?�Z�AC79Ugf$=�AC7�T�79Ugf$8�?�=&\	TW?�P$T�5�F�F�ayAÀAC5&:$?�T�T�7�A¡;
:�v Köv*× [�K15�AÃ8�?�=&=�Ae?$:�8�;�P9?$:�m>¿ ¨�µ�©9ªuú�³	¦�¹O«q¨O 1ªh7�R�op5�AC7�A

V (t) ∼ λ3 f$>�7�:�798�?�@
=O7�K15�89c�;�:qA3F�79JO7]?$:�7�AC79Pk;	T1;XAC7�T�5�>	[�TX;�K�T�@�F�5&5iP�aÂ\�7�T1F	@�5&:�=�@

l � λ� L
v

¾rT�@¡\�7�T1F�79U�Ae?�=&=&a
m
;¡;�A3\	[�T1m�=�? ~P

<�?�=O:�;�úgf½=O7�K15�89c�?�j];GDG=�@¡P�7�R�o½t
5�AC5

V
fg79\�8�5EK15OT1;�A =&8�5EKWF�;�5�\	T�7�:�F�79=O:�m 〈%〉 ;À=&>�798�79=O:�m 〈~u〉 �&:�79U¡c�;GKW>�79U<�?�=O:�;�ú�a�}

〈%〉 =
m

V
, 〈~u〉 =

~P

m
.

H��	vùÅ�Y
¾rT�@���F�5�8�J&;�;d;�AC5&5�A

E = 〈%〉
{

1

2
|〈~u〉|2 + 〈ε〉

}

V ,
HÊ�	v É�Y

JLK15 〈ε〉 = ε/m � =&8�5EKWF	@�@�\	T�7�:�F�79=O:�m P�F	[	:�8�5�F�F�5�U���F�5�8�J&;�; F�? 5EKW;�F�;�ú	[
Ae?�=&=&a�f

ε � P�F	[	:�8�5�F�F	@�@z��F�5�8�J&;	@�7�R�op5�Ae?
V
f�Z�?�>	T1{s<�5�F�F�?�@ÃP]D	?$7�:�;�<�5�=&>�7�A

KWP�;	c]5�F�;�;ÃAC7�T�5�>	[�TÃ;dP�7�P�F	[	:�8�;�AC7�T�5�>	[�T�@18�F�a�D�KWP�;	c]5�F�;	@	Dgv
� 8�?�A3>	?�DB_`5�F�7�AC5�F�7�T�79J&;�<�5�=&>�79UV:�5&798�;�; \�8�5EKW\�7�TW?�JE?$5&:�=�@pfX<�:�7 \�8�;

[�AC5�F�m�^k5�F�;�;d7�R�op5�Ae?
V
=&8�5EKWF�;�5kP�5OT1;�<�;�F�a 〈%〉 f 〈~u〉 f 〈ε〉 ;�AC5�{|:"=O7�7�:�P�5&:�t
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=O:�P$[�{sj];�5¡>�79F�5�<�F�ah5�\�8�5EK15OT1a

%(~r, t)
f
~u(~r, t)

f
ε(~r, t)

f Z�?�P�;�=�@�j];�5z7�:�>�7$t
798�KW;�F�?$:

~r
;ÁP�8�5�AC5�F�;

t
v34ö79J�KM?zK�T�@Ác�;GKW>979U <�?�=O:�;�ú�a)Ae?�=&=�?�f0;�A3\	[�T1m�=�;

��F�5�8�J&;	@�79\�8�5EK15OT�@�{|:�=�@z=O7�7�:�P�5&:�=O:�P�5�F�F�7�;�F�:�5�J&8�?�TW?�A3;g}

m =
∫

V (t)

% dV , ~P =
∫

V (t)

%~u dV , E =
∫

V (t)

%





u2

2
+ ε



 dV .
H��	vÿÇ9Y

� \�8�79ú�5�=&=O5�KWP�;	c]5�F�;	@u7�R�op5�A
V (t)

K17�T�ck5�F�K15�_`798�A3;�8�79P9?$:�m�=L@u:$?�>�;�A�7�R$t
8�?�Z�7�Ahf1<�:�7�R9aý8�5�?�T1m�F�ah5]<�?�=O:9;�ú�a`f1Z�?�>	T1{s<�5�F�F�ah5q\�5�8�P�79F�?�<�?�T1m�F�7"P�F�5�AhfWF�5
\�79>�;GKM?�T1;dR9a 5�JO7�f�?qF�79P�ah5¤;	Z�P�F�5 � F�5`K17�R�?�P$T�@�T1;�=&m�v

F ?�Z�79>�;�F�5&:�;�<�5�=&>G?�@ÃAC7�K15OT1m�;�=&\�7�T1m$Z&[95&:�=�@pf�>	?�>d\�8�?�P�;	T�7�f	K�T�@d79\�;�=�?�F�;	@\�8�79ú�5�=&=O79PlPl=ET�[�<�?$5
L <∼ l

;
T <∼ τ

fn<�:�7�D	?�8�?�>�:�5�8�F�7lK�T�@ 8�?�Z�8�5Oc]5�F�F�anD
JE?�Z�?X;�\	TW?�Z�A3a�v0��79=&F�79P�5�JE?�Z�79>�;�F�5&:�;�<�5�=&>979UlAC7�K15OT1;�T�5Oc�;�:Ã>�;�F�5&:�;�<�5�=&>�7�5
[�8�?�P�F�5�F�;�59v

÷��Ió��Yý���ÞïÜcÛ3�Vß~Ü�õQ���~Þ���ÜB� ô �~ÜNÝVß~ÞPß£àöõ Ú;à6�3�C����à£ß~Ü � à � à

� R è R è R��BW<Y;kHã^ê
â�Ü � �VßC�þ�9�G÷p�~ÜVß~ÞPß£àöõ�Ý�à£ß0/ZÞïÚ��~ÜcÛ3�VßC�wÆ³µz�1� � Þ vG� 79=&F�79P�5y\�8�79=O:�5�UGt

^k5�U�AC7�K15OT1;X=&\	T�79^]F�79UX=&8�5EKWa T�5Ocq?$:qZ�?�>�79F�a =O7&D�8�?�F�5�F�;	@dAe?�=&=&a�P�5�jk5�=O:�P9?�f
;�A3\	[�T1m�=�?�;���F�5�8�J&;�;gvw�g?�\�;�^k5�AÁ;GDdP�;�F�:�5�J&8�?�T1m�F�7�Au\�8�5EKW=O:$?�P$T�5�F�;�;g}

d

dt

∫

V (t)

% dV = 0 ,
H��	v��GY

d

dt

∫

V (t)

%~u dV = −
∮

Σ(t)

p~n dΣ +
∫

V (t)

% ~f dV ,
H��	v���Y

d

dt

∫

V (t)

%





|~u|2
2

+ ε



 dV = −
∮

Σ(t)

p~n~u dΣ +
∫

V (t)

% ~f~u dV ,
H��	v��9Y

JLK15
%(~r, t) � 7�R�op5�A3F�?�@d\	T�7�:�F�79=O:�m�f

~u(~r, t) � =&>�798�79=O:�m�f
p (~r, t) � KM?�P$T�5Et

F�;�59f ~f(~r, t) � \	T�7�:�F�79=O:�m]P�F�5�^]F�;GD�7�R�op5�A3F�anD�=&;	T6f
V (t) � Ae?�>�8�79=&>�79\�;�<�5Et

=&>�;�U�7�R�op5�A c�;GKW>979=O:�;pf1>�7�:�798�?�@ÃAC7�c]5&:qK15�_`798�A3;�8�79P9?$:�m�=�@zP�\�8�79ú�5�=&=O5sKWP�;Gt
c]5�F�;	@z\�8�79;	Z�P�7�T1m�F�ayA�7�R98�?�Z�7�Ahf

Σ(t) � \�79P�5�8�D�F�79=O:�m�f�79>�8	[Gc�?�{sjq?�@
V (t)

f
~n(t) � P�F�5�^]F	@�@�F�798�Ae?�T1mx>

Σ(t)
f
ε � P�F	[	:�8�5�F�F	@���F�5�8�J&;	@pfö\�8�;GD�7�K�@�jq?�t

@�=�@¡F�?"5EKW;�F�;�ú	[�Ae?�=&=&a�vg¿N[�8�?�P�F�5�F�;	@1A�H��	v��GY 8 H��	v��9Y|F�5&7�R�D�7&KW;�AC7"K17�R�?�P�;�:�m[�8�?�P�F�5�F�;�5�=O79=O:�7�@�F�;	@pf½:�v 59vMZ�?�KM?$:�md=&P$@�Z�m�AC5OcqK�[¡:�5�8�AC7�KW;�F�?�A3;�<�5�=&>�;�A3;À\�?�t
8�?�AC5&:�8�?�A3;

ε = ε(p, %) .
H��	v���Y
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ε =
p

(γ − 1) %
,

H��	v��9Y
K�T�@zP�7�KWa�P�79>�5�?�F�5iD�798�79^];�Au\�8�;�R�T1;	ck5�F�;�5�Au@�P$T�@�5&:�=�@XZ�?�>979FÃ¿i7�[�TW?

p+B

1 +B
=

(

%

%0

)n

,
H��	vÿÈ9Y

p
;	Z�AC5�89@�5&:�=�@¤Pi?$:9AC79=&_`5�8�?�Dgf

%0 � \	T�7�:�F�79=O:�mi\�8�;q?$:9AC79=&_`5�8�F�7�A�KM?�P$T�5�F�;�;gf
n = 7

f
B = 3000

?$:9Ahv
â�Ü � �VßC� �9�	÷p�~ÜVß~ÞPß£àöõ Ýý��à�µ
µ�Þ��~ÞPß�V£à~ÜcÛ3�VßC�wÆ µz�1� � Þ ve¾rT�@�P�ant

<�;�=ET�5�F�;	@ \�7�T1F�79Ul\�8�79;	Z�P�7�KWF�79U \�7xP�8�5�AC5�F�;À7�:x;�F�:�5�J&8�?�T�79PÃP H��	v��GY 8 H��	v��9YP�79=&\�7�T1m$Z&[95�A3=�@�_`798�Aö[�T�79U

d

dt

∫

V (t)

F (~r, t) dV =
∫

V (t)

[

∂F

∂t
+ ~u~∇F + Fdiv ~u

]

dV ,
H��	vùÅ2:9Y

>�7�:�798�?�@�=&\�8�?�P�5EK�T1;�P9?yK�T�@�\�8�79;	Z�P�7�T1m�F�79U]:�5�F	Z�798�F�79U�_i[�F�>�ú�;�;
F
v.¡k798�A0[�TW?

H��	vùÅ2:9YrT�5�J&>�7À\�7�T�[�<�?$5&:�=�@pfC5�=ET1;ÁP�79=&\�7�T1m$Z�79P9?$:�m�=�@�79\�8�5EK15OT�5�F�;�5�A�\�8�79;	Z�P�7&K�t
F�79Ud=`[�<�5&:�7�A�Z�?�P�;�=&;�AC79=O:�;

V
7�:�P�8�5�AC5�F�;

d

dt

∫

V (t)

F (~r, t) dV = lim
∆t→0

1

∆t















∫

V (t+∆t)

F (~r, t+ ∆t) dV −
∫

V (t)

F (~r, t) dV















.
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+n7�7�:�F�79^k5�F�;�5xH��	vùÅ2:9Yi\�7�Z�P�7�T�@�5&:XZ�?�\�;�=�?$:�mXZ�?�>�79F�aN=O7&D�8�?�F�5�F�;	@�PXKW;�_st

_`5�8�5�F�ú�;�?�T1m�F�79Uz_`798�AC59v&Xi8�?�P�F�5�F�;�5"H��	v��GYeKM?$5&:zªO¬	¦�´�§W£E§�¨W£k§W£Eº�¬½£­¬W±�´�§1²�¹O«�¨
∂%

∂t
+ div(%~u) = 0 .

H��	vùÅ�É�Y
�sZ�H��	v���Y =i[�<�5&:�7�A H��	vùÅ�É�Yn\�7�T�[�<�?$5�A�[�8�?�P�F�5�F�;�5�² U	T�5�8�? �

∂~u

∂t
+ (~u~∇) ~u = −

~∇p
%

+ ~f .
H��	vùÅ�Ç9Y

¾rT�@d\	T�7�:�F�79=O:�;ÃP�F	[	:�8�5�F�F�5�Ud��F�5�8�J&;�;d;�AC5&5�A

∂ε

∂t
+ (~u~∇) ε+

p

%
div ~u = 0 .

H��	vùÅ?�GY
d � ¬�±!° À ­�¯��2¼DÁ ¬�­6e � ��Ï}� g
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+ ;�=O:�5�A0[q[�8�?�P�F�5�F�;�UÃH��	vùÅ�É�Y 8 H��	v Å?�GY07�R9aÂ<�F�7¤F�?�Z�aÂP9?�{|:r[�8�?�P�F�5�F�;	@1A3;�J&;GKW8�7$tKW;�F�?�A3;�>�;gv�²n:�;z[�8�?�P�F�5�F�;	@¡F�5¤[�<�;�:�aÂP9?�{|:�KW;�=&=&;�\�?$:�;�P�F�ah5]��_�_`5�>�:�a H :�8�5Et
F�;�59f1:�5�\	T�79\�8�79P�7�KWF�79=O:�m�f½;	Z&T�[�<�5�F�;�5�Y+fW\�7��&:�7�A0[z:$?�>	[�{N=&\	T�79^]F	[�{�=&8�5EK�[zF�?�t
Z�aÂP9?�{|:z¨�µ�£�¦�¯�°9§1²Aù1v

¿�?�>¡P�;GKW;�Ahf½P�[�8�?�P�F�5�F�;	@	D¡J&;GKW8�7�KW;�F�?�A3;�>�;�P�KM?�F�F�7�A \�7�K�D�7�K15�P�7�Z�F�;Gt
>	?$5&:]\�7�T1F�?�@"\�8�79;	Z�P�7�KWF�?�@"\�7]P�8�5�AC5�F�;�7�:]8�?�Z&T1;�<�F�anD"_�;	Z�;�<�5�=&>�;GD"P�5OT1;�<�;�F

d

dt
≡ ∂

∂t
+
(

~u ~∇
)

,
H��	vùÅA��Y

>�7�:�798	[�{�F�?�Z�aÂP9?�{|:�:$?�>	c]5k>�79F�:�;�F	[G?�T1m�F�79UÃ;	T1;d��U	T�5�8�79P�79Ugv
�SK15�>	?�8�:�79P�79U�=&;�=O:�5�AC5�>�7�798�KW;�F�?$:

xi = {x, y, z} H
i = 1, 2, 3

Y�K�T�@
>�7�A3\�79F�5�F�:�[�8�?�P�F�5�F�;	@C² U	T�5�8�?�;�AC5&5�A

∂ui
∂t

+ uk
∂ui
∂xk

= −1

%

∂p

∂xi
+ fi ,
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JLK15|\�7k;�FGK15�>G=E[

k
\�7�KW8�?�Z&[�AC5�P9?$5&:�=�@�=E[�AeA3;�8�79P9?�F�;�5kHI=�Ahv9\�7�KW8�7�R9F�5&5sP¤JLT6v	��Y+v

â�Ü � �Vß<�9�G÷p�~ÜVß~ÞPß£àöõ��2ß~Þ��~Ú;à£à{� ��=ET�[�<�?$5|;GK15�?�T1m�F�79JO7¤JE?�Z�?�H��	v��9Y0[�8�?�P�t
F�5�F�;�5nK�T�@�\	T�7�:�F�79=O:�;�P�F	[	:�8�5�F�F�5�Uq��F�5�8�J&;�;�H��	vùÅ?�GY0AC7�c�F�7r\�5�8�5�\�;�=�?$:�m`P�P�;GK15

∂p

∂t
+ ~u~∇p+ γp~∇~u = 0.
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� 7�R9jk5�A�=ET�[�<�?$59f	5�=ET1;XP�79=&\�7�T1m$Z�79P9?$:�m�=�@XP�:�798�ayAuF�?�<�?�T�7�A�:�5�8�AC7�KW;�F�?�t

A3;�>�;

T ds = dε− p

%2
d% ,

H��	vùÅ2�9Y
:�7kZ�?�>�79F�=O7�D�8�?�F�5�F�;	@���F�5�8�J&;�;xH��	vùÅ?�GY AC7�c�F�7kZ�?�\�;�=�?$:�mk7�:�F�79=&;�:�5OT1m�F�7][�K15OT1m�t
F�79U���F�:�8�79\�;�;

s
∂s

∂t
+ ~u~∇s = 0 .
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∂ (x0, y0, z0)
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∫

V (t)

% dV =
d

dt

∫

V0

%J dV0 =
∫
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d

dt
(%J) dV0 = 0 .
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f
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~u(~r, t) = ~u0(~r) + ~̃u(~r, t)
f
%(~r, t) = %0(~r) + %̃(~r, t)

f
p(~r, t) = p0(~r)+ p̃(~r, t)
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f̃k(~r, t) = f̃(0, 0) exp
{

−iω(~k)t+ i~k~r
}

.
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ω
=rP�7�T1F�79P�ayAuP�5�>�:�798�7�A ~k

H
k = 2π/λ
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~Vph(~k) =
ω(~k)

k2
~k .
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f6:�7¡_r?�Z�79P9?�@ =&>�798�79=O:�mÃF�5�Z�?�P�;�=&;�:Ã7�:dK�T1;�F�aSP�7�T1F�a ;

_`798�Ae?dP�7�T1F�79P�79JO7Ã\�?�>�5&:$?dF�5"AC5�F	@�5&:�=�@�=O7zP�8�5�AC5�F�5�AhvB² F�5�8�J&;	@�P�7�T1F�a 8�?�=+t
\�8�79=O:�8�?�F	@�5&:�=�@z=rJ&8	[�\�\�79P�79Ud=&>�798�79=O:�m�{

~Vq(~k) =
∂ω

∂~k
=
∂ω

∂kx
~ex +

∂ω

∂ky
~ey +

∂ω

∂kz
~ez .
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~u0 = 0
fö7�KWF�7$t

8�7�KWF	[�{
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∂%̃

∂t
+ %0 div

(

~̃u
)

= 0 ,
H��	vÿÇ*�9Y

∂~̃u

∂t
= −

~∇p̃
%0

,
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∂p̃

∂t
= c2s

∂%̃

∂t
.
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∂2p̃

∂t2
= c2s ∆p̃ .
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c2s = γ c2T = γ
p0

%0
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p̃(~r, t) = p̃(0, 0) · exp
{

−iωt+ i~k~r
}

.
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ω2 = k2c2s .
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%0(z) g = −dp0

dz
.
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f
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f
ũz
f
~̃u⊥
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(x, y)
Y

~∇⊥~̃u⊥ +
∂ũz
∂z

= 0 ,
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∂%̃

∂t
+ ũz

d%0

dz
= 0 ,
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∂~̃u⊥
∂t

= − 1

%0

~∇⊥p̃ ,
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∂ũz
∂t

= − ∂p̃

%0∂z
+
%̃

%2
0

dp0

dz
.
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∂2

∂t2

(

∆ũz +
d ln %0

dz

∂ũz
∂z

)

= g
d ln %0

dz
∆⊥ũz .
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kzL% � 1, L% = |∂ ln %0/∂z|−1 ,
H��	v��u�9Y

:�7�8�5�^k5�F�;�5�H��	v�����Y AC7�c�F�7�;�=&>	?$:�m�P�P�;GK15�H��	v Ç�Ç9Y+f�<�:�7�\�8�;�P�7�KW;�:�>"KW;�=&\�5�8�=&;Gt
79F�F�7�A0["[�8�?�P�F�5�F�;�{ K�T�@x� F t­P�7�T1F

ω2 = −g d ln %0

dz
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⊥
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⊥ + k2

z

,
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ω = kx
%01u01 + %02u02

%01 + %02
± ikx

u01 − u02

%01 + %02

√
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
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v = A1 (1 − exp {−α(l/2 − |z|)}) f
H1 = A2 (exp {−α(l/2 − |z|)} − 2z/l)
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f(x, y, z, t) = f0(z) + f̃(x, y, z, t) , f̃ = f̂(z) · exp {−iωt+ ikxx+ ikyy} .H���vùÅ�Å�Y
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∂

∂z



P0 +
B2

0

8π



 = −%0 g ,
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g = ∂Ψ/∂z
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w = w̃ =
dξ

dt
=
∂ξ

∂t
= −iω ξ . H���vùÅ�Ç9Y
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ṽ
fgAe?�J&F�;�:�F�79JO7d\�7�T�@
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B̃z
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dĴ

dz
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



ω2
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g

%0

∂%0

∂z
+

g2

c2s + V 2
A



1 − Ω2
MM

2
A

ω2
Ω











·ξ̂− g

1 +M 2
A







1 +
Ω2
M

ω2
Ω







· Ĵ
c2s
,
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dξ̂

dz
=

g/c2s
1 +M 2

A

{

1 +
Ω2
M

ω2
Ω

}

·ξ̂ +
Ĵ

%0ω2
A

·






k2 − ω4 − ω2Ω2k2c2s(1 +M 2
A)/ω2

A

(c2s + V 2
A) · ω2

Ω







,
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k2 = k2

x + k2
y

f
c2s = γP0/%0

f ~VA =
~B0√
4π%0
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ΩA = ( ~B0

~k)/
√

4π%0
f
MA = VA/cs

f
Ω2
M =

Ω2
A/(1+M 2

A)
f
ω̂2
A = ω̂2−Ω2

A

f
ω̂2

Ω = ω̂2−Ω2
M
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g(z)
f
B0(z)

f
%0(z)
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B0(z);

%0(z)
AC79JE[	:�R9ah:�m�8�?�Z�8�aÂP�F�ayA3;d\�8�;zP�aÂ\�7�T1F�5�F�;�;lH���vùÅ�É�Y+v

¾¤79\�7�T1F�;�Pd=&;�=O:�5�A0[x[�8�?�P�F�5�F�;�UbH���vùÅ?�GY+feH���vùÅA��YiJ&8�?�F�;�<�F�ayA3;�[�=ET�79P�;	@1A3;
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z = 0
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R�5�=&>�79F�5�<�F�79=O:�;g}

ξ(z = ±∞) = 0 , J(z = ±∞) = 0 ,
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f̂ ∝ exp(ikzz)

v
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f�;�AC5&5&:�P�;GKö}

[

ω2 − Ω2
A

] {

ω4 − k2 (c2s + V 2
A)ω2 + Ω2

A c
2
s k

2
}

= 0 .
H���vùÅA��Y
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ω2
1

fpAC5EK�T�5�F�F�ah5�Ae?�J&F�;�:�7�Z�P$[�>�79P�ah5ÃHIP�;GD�8�5�P�ah5�Y
ω2

2

;
?�T1m�_�P�5�F�79P�=&>�;�5

ω2
3 = Ω2

A

vBX�=ET�79P�;�5�8�?�P�5�F�=O:�P9?¡F	[�T1{V_�;�JE[�8�F�anDu=&>�7�R�79>ÁP
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ω2
1,2 =

1

2

{

k2(c2s + V 2
A) ±

√

k4 (c2s + V 2
A)2 − 4Ω2

Ac
2
sk

2
}

.
H���vùÅ2�9Y

��\�8�5EK15OT�5
ΩA = 0

;�AC5&5�A
ω2

1 = k2c2s
f
ω2

2 = k2V 2
A

v
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√

√

√

√

4πne2

m
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P�8�5�A05�F�;XPk5EKW;�F�5�ú�5i7�R�op5�Ae?�f 〈q〉 � =&8�5EKWF	@�@X\	T�7�:�F�79=O:�m�\�7�:�79>	?]��F�5�8�J&;�;
P�P�7�T1F�59v ! «�´�£E«�}

γ =
ω3
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



η
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


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ω =
√

k2c2 + ω2
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f½JLK15
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⊕
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⊕

= 8 · 1025 F = · =�A 3 v
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me � mi
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∂ni
∂t

+
∂

∂x
(niui) = 0 ,
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mi
dui
dt

= −e ∂Φ

∂x
,
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∂2Φ

∂x2
= 4πe (ne − ni) ,
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P9?�8�;�?�F�:�F�ah5s\�8�79;	Z�P�7�KWF�ah5yP�>�8�;�P�7�T1;�F�5�U�F�anD�=&;�=O:�5�Ae?�D�>�7�798�KW;�F�?$:�v�¾]?�F�F�aÂU
?�T1JO798�;�:9A¡\�8�;�JO7�K15�F¤K�T�@�\�8�79;	Z�P�7�T1m�F�anDq>�8�;�P�7�T1;�F�5�U�F�anD�=&;�=O:�5�Ax>�7�798�KW;�F�?$:�f
P�>	T1{s<�?�@�F�5&798�:�79JO79F�?�T1m�F�ah59vn�S=ET�[�<�?$5z798�:�79JO79F�?�T1m�F�anD�=&;�=O:�5�AQ>�7�798�KW;�F�?$:
AC7�c�F�7�;�=&\�7�T1m$Z�79P9?$:9m�R�7�T�5&5r\�8�79=O:�ah5¤\�8�5&7�R98�?�Z�79P9?�F�;	@ a ?�AC�9v

p��z���OU à�µ
µ�Þ��~ÞPß�V£à~ÜcÛC�VßC�§Þx� � Þ��~Ü1/��1�C�

��>G?�<�5�=O:�P�5q\�8�;�AC5�8�?�\�79=O:�8�79;�A�79=&F�79P�F�ah5rKW;�_�_`5�8�5�F�ú�;�?�T1m�F�ah5�79\�5�8�?�t
:�798�a�f�P�D�7&K�@�jq;�5`P¤[�8�?�P�F�5�F�;	@�J&;GKW8�7�KW;�F�?�A3;�>�;gf�Pqú�;	T1;�FGKW8�;�<�5�=&>�79U�=&;�=O:�5�AC5
>�7�798�KW;�F�?$:

(r, ϕ, z)
f�>�7�:�798�?�@"=&P$@�Z�?�F�?�=hK15�>	?�8�:�79P�79U"=&;�=O:�5�AC79U�=O7�7�:�F�79^k5�F�;Gt

@1A3;g}
x0 = r cosϕ , y0 = r sinϕ , z0 = z .

H��	v É�É�Y
w`8�5EKWP9?�8�;�:�5OT1m�F�7q79\�8�5EK15OT1;�A�=`\�7�AC79j]m�{NH��	v��GY+fgH��	vùÅ2:9Y+f½H��	vùÅ�È9Y+f½H��	v É):9Y�>97�A3\�7$t
F�5�F�:�a�AC5&:�8�;�<�5�=&>�79JO7�:�5�F	Z�798�?�;d=&;�A3P�7�T1a�¿`8�;�=O:�79_�_`5OT�@p}

grr = 1 , gϕϕ = r2 , gzz = 1 ,
H��	v É�Ç9Y

grr = 1 , gϕϕ =
1

r2
, gzz = 1 ,

H��	v É¢�GY

Γr, ϕϕ = −r , Γϕ, rϕ = r ,
H��	v É*��Y

Γrϕϕ = −r , Γϕrϕ =
1

r
.

H��	v É)�9Y
 `=O:$?�T1m�F�ah5¤>�7�A3\�79F�5�F�:�a 8�?�P�F�a�F	[�T1{kv

��K15�>	?�8�:�79P�79Ux=&;�=O:�5�AC5k>�7�798�KW;�F�?$:">�7�A3\�79F�5�F�:�aý>�79P9?�8�;�?�F�:�F�anD¡;Ã>�79FGt
:�8�?�P9?�8�;�?�F�:�F�anDNP�5�>�:�798�79P�=O79P�\�?�KM?�{|:�=u_�;	Z�;�<�5�=&>�;�A3;�>�7�A3\�79F�5�F�:$?�A3;gvk�
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=ET�[�<�?$5Ãú�;	T1;�FGKW8�;�<�5�=&>�79U�=&;�=O:�5�A3a)>�7�798�KW;�F�?$:ÀK�T�@�>�7�A3\�79F�5�F�:l>�79P9?�8�;�?�F�:�t
F�anDd;z>979F�:�8�?�P9?�8�;�?�F�:9F�a DzP�5�>�:�798�79P�;�AC5&5�Ah}



















Ar = A0x cosϕ+ A0y sinϕ
Aϕ = −A0xr sinϕ+ A0yr cosϕ
Az = A0z ,

H��	v É*��Y



























Ar = A0x cosϕ+ A0y sinϕ

Aϕ = −A0x

r
sinϕ+

A0y

r
cosϕ

Az = A0z .

H��	v É)�9Y

� 8�5OZ&[�T1m�:$?$:�5�K�T�@XKW;�P�5�8�JO5�F�ú�;�;dP�5�>�:�798�?�\�7�T�[�<�?$5�A

à���� ~A =
DAi

∂xi
=
∂Ai

∂xi
+ ΓikiA

k =
∂Âr

∂r
+
Âr

r
+

1

r

∂Âϕ

∂ϕ
+
∂Âz

∂z
,

H��	v É�È9Y

?kK�T�@z>�7�A3\�79F�5�F�:�P�5�>�:�798�?
( ~A ~∇) ~B

}

{( ~A~∇) ~B}r = Ai D

∂xi
Br = Âr

∂B̂r

∂r
+
Âϕ

r

∂B̂r

∂ϕ
+ Âz

∂B̂r

∂z
− ÂϕB̂ϕ

r
,

H��	vÿÇ*:9Y

{( ~A~∇) ~B}ϕ = Âr
∂B̂ϕ

∂r
+
Âϕ

r

∂B̂ϕ

∂ϕ
+ Âz

∂B̂ϕ

∂z
+
ÂϕB̂r

r
,

H��	vÿÇ�Å�Y

{( ~A~∇) ~B}z = Âr
∂B̂z

∂r
+
Âϕ

r

∂B̂z

∂ϕ
+ Âz

∂B̂z

∂z
.

H��	vÿÇ9É�Y
¾rT�@d>�7�A3\�79F�5�F�:�J&8�?�KW;�5�F�:$?�;�AC5&5�Ah}

∇i =

{

∂

∂r
;
∂

∂ϕ
;
∂

∂z

}

,
H��	vÿÇ�Ç9Y

∇i =

{

∂

∂r
;

1

r2

∂

∂ϕ
;
∂

∂z

}

,
H��	vÿÇ��GY

∇̂i =

{

∂

∂r
;

1

r

∂

∂ϕ
;
∂

∂z

}

.
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 `\�5�8�?$:�798 a ?�\	TW?�=�?�fGK15�U�=O:�P$[�{sj];�UzF�?�=&>	?�T�@�8�F	[�{ý_i[�F�>�ú�;�{k}

∆Φ =
à���� &.Í�' à Φ =

D

∂xi
∇iΦ =

∂2Φ

∂r2
+

1

r2

∂2Φ

∂ϕ2
+
∂2Φ

∂z2
+

1

r

∂Φ

∂r
.

H��	vÿÇ*�9Y
X`8�?�P�F�5�F�;�5hø�?�P�m�5Etf+n:�79>G=�?Â=O7�K15�8�c�;�:s79\�5�8�?$:�798 a ?�\	TW?�=�?�fEK15�U�=O:�P$[�{sj];�UF�?�P�5�>�:�798z=&>�798�79=O:�;gv�+�7�7�:9P�5&:�=O:�P$[�{sj];�5k>�7�A3\�79F�5�F�:�a 8�?�P�F�a�}

∆ûr = ∆ur = ∇k∇k ur = gik∇i∇k u
r = gik

D

∂xi

(

Dur

∂xk

)

=
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= gik
D

∂xi

(

∂ur

∂xk
+ Γrmku

m
)

=

gik
∂

∂xi

(

∂ur

∂xk
+ Γrmku

m
)

+gik
[

Γrni

(

∂un

∂xk
+ Γnmku

m
)

− Γnki

(

∂ur

∂xn
+ Γrmnu

m
)]

=

=
∂2ûr
∂r2

+
1

r2

∂2ûr
∂ϕ2

+
∂2ûr
∂z2

− 2

r2

∂ûϕ
∂ϕ

− ûr
r2

+
1

r

∂ûr
∂r

,
H��	vÿÇ.��Y

∆uϕ =
∂2uϕ

∂r2
+

1

r2

∂2uϕ

∂ϕ2
+
∂2uϕ

∂z2
+
∂uϕ/r

∂r
+

2

r3

∂ur

∂ϕ
+

2

r

∂uϕ

∂r
+
uϕ

r2
=

1

r





∂2ûϕ
∂r2

+
1

r2

∂2ûϕ
∂ϕ2

+
∂2ûϕ
∂z2

+
1

r

∂ûϕ
∂r

− ûϕ
r2

+
2

r2

∂ûr
∂ϕ



 .
H��	vÿÇ*�9Y

wi5�8�5ED�7�K�@�>�_�;	Z�;�<�5�=&>�;�A�>97�A3\�79F�5�F�:$?�Ahf�;�AC5&5�A
∆ûϕ =

√
gϕϕ ∆uϕ = r∆uϕ

v
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Å�v��½?�\�;�=�?$:9m`[�8�?�P�F�5�F�;�5s\�5�8�5�F�79=�?i:�5�\	TW?�H��	v��*��YCPrú�;	T1;�FGKW8�;�<�5�=&>�79U�=&;�=O:�5�AC5
>97�798�KW;�F�?$:�v

É	v��½?�\�;�=�?$:9m%$ F ¾�t [�8�?�P�F�5�F�;	@ÀP�}e¦GYiú�;	T1;�FGKW8�;�<�5�=&>�79UÀ=&;�=O:�5�AC5�>�7�798�KW;�F�?$:�f1MY =&_`5�8�;�<�5�=&>�79Ud=&;�=O:�5�AC5r>�7�798�KW;�F�?$:�v
Ç�vgwi79>G?�Z�?$:�m�fW<�:�7XP�ú�;	T1;�FGKW8�;�<�5�=&>979U¡=&;�=O:�5�AC5k>�7�798�KW;�F�?$:�K�T�@¡\�8�79;	Z�P�7�T1m�t
F�79JO7�P�5�>�:�798�? ~A

=&\�8�?�P�5EK�T1;�P�7�}
(∆ ~A)r = ∆Ar−

Ar

r2
− 2

r2

∂Aϕ

∂ϕ

f
(∆ ~A)ϕ =

∆Aϕ −
Aϕ

r2
+

2

r2

∂Ar

∂ϕ

f
(∆ ~A)z = ∆Az

v

��vgwi79>G?�Z�?$:�m�fW<�:�7XP�=&_`5�8�;�<�5�=&>979UÃ=&;�=O:�5�AC5k>�7�798�KW;�F�?$:�K�T�@x\�8�79;	Z�P�7�T1m�F�79JO7
P�5�>�:�798�? ~A

=&\�8�?�P�5EK�T1;�P�7�}
(∆ ~A)r = ∆Ar−

2

r2
·
[

Ar+
1

sin Θ

∂

∂Θ
(sin ΘAΘ)+

1

sin Θ

∂Aϕ

∂ϕ

] f
(∆ ~A)ϕ = ∆Aϕ +

2

r2 sin Θ

[

∂Ar

∂ϕ
+ ctgΘ

∂AΘ

∂ϕ
− Aϕ

2 sin Θ

] v

�	vgwi7�T�[�<�;�:�m�_`798�A0[�T�[�K�T�@ ÍfÎ)Ï ~A Pz¦�Yhú�;	T1;�FGKW8�;�<�5�=&>979UgfB1MYh=&_`5�8�;�<�5�=&>979U
=&;�=O:�5�Ae?�D�>�7�798�KW;�F�?$:�v

��v��½?�\�;�=�?$:9mÀ[�8�?�P�F�5�F�;	@-$Ã?�>�=&P�5OT�TW?�P�¦GY�ú�;	T1;�FGKW8�;�<�5�=&>�79Ugfc1MY�=&_`5�8�;�<�5Et
=&>979Ud=&;�=O:�5�Ae?�Dd>�7�798�KW;�F�?$:�v

�	v��½?�\�;�=�?$:9mrP�7�T1F�79P�7�5Â[�8�?�P�F�5�F�;�5kH��	vÿÇ�È9YCP�¦GYC�OT�T1;�\�:�;�<�5�=&>�;GD�>�7�798�KW;�F�?$:$?�D
(ξ, η, ϕ)

}

r = a
√

(ξ2 − 1)(1 − η2) , z = aξη , a = Ó?Î.Ô(ÕfÏ ,
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J�K15
(r, ϕ, z) � ú�;	T1;�FGKW8�;�<�5�=&>�;�5�>�7�798�KW;�F�?$:�a�f 1 ≤ ξ <∞ f −1 ≤ η ≤ 1

v
1MY \�?�8�?$R�7�T1;�<�5�=&>�;GDz>�7�798�KW;�F�?$:$?�D

(ζ,$, ϕ)
}

z =
1

2
(ζ −$) , r =

√

ζ$ ,

J�K15
0 ≤ ζ <∞ f

0 ≤ $ <∞ v
��v��½?�\�;�=�?$:9m�[�8�?�P�F�5�F�;�5�ø�?�P�m�5 8 +n:�79>G=�?ÃH��	v��¢�GYÂP�ú�;	T1;�FGKW8�;�<�5�=&>�79U¡=&;�=O:�5�AC5>97�798�KW;�F�?$:�v ! «�´�£E«Ã}

∂ur
∂t

+ ur
∂ur
∂r

+
uϕ
r

∂ur
∂ϕ

+ uz
∂ur
∂z

− u2
ϕ

r
= −1

%

∂p

∂r
+ fr+

+

(

4ν

3
+ µ

)





∂2ur
∂r2

+
∂ ur
r∂r

− ur
r2



 +

(

ν

3
+ µ

)





∂2uϕ
r∂r∂ϕ

+
∂2uz
∂r ∂z



−
H��	vÿÇ�È9Y

−
(

7ν

3
+ µ

)

∂uϕ
r2∂ϕ

+ ν





∂2ur
r2∂ϕ2

+
∂2ur
∂z2



 ,

∂uϕ
∂t

+ ur
∂uϕ
∂r

+
uϕ
r

∂uϕ
∂ϕ

+ uz
∂uϕ
∂z

+
uruϕ
r

= −1

%

∂p

r∂ϕ
+ fϕ+

+ν





∂2uϕ
∂r2

+
∂ uϕ
r∂r

− uϕ
r2



 +

(

ν

3
+ µ

)





∂2ur
r∂r∂ϕ

+
∂2uz
r∂z ∂ϕ



+
H��	v��u:9Y

+

(

7ν

3
+ µ

)





∂2uϕ
r2∂ϕ2

+
∂ur
r2∂ϕ



 + ν
∂2uϕ
∂z2

,

∂uz
∂t

+ ur
∂uz
∂r

+
uϕ
r

∂uz
∂ϕ

+ uz
∂uz
∂z

= −1

%

∂p

∂z
+ fz+

+ν





∂2uz
∂r2

+
∂2uz
r2∂ϕ2

+
∂uz
r∂r



 +

(

ν

3
+ µ

)





∂2ur
∂r∂z

+
∂ur
r∂z

+
∂2uϕ
r∂z∂ϕ



+
H��	v���Å�Y

+

(

4ν

3
+ µ

)

∂2uz
∂z2

.



� Ï � Þ�P�êY�Oñ¢Ã�á�êMï$éLçgâ9ïªÂ	ç�Ì
Ù � à��9� � Û~à0/ZÞ��~Ü1/ � �C�

��
��£��)��
MV'�@�-(�`�2
 ��
;��)(-(3�92�80;,�� #L=!� 7>'�@F� #U0;-(,��
MV-(3���
2�`
�J)���>C�3���OP�D������O�óF� �*"


��
��£y�7>��)(MN�
,��`
 ��
;�£92�
"�"�-(�(��"�3�� #dMV�1w<�
,(-(3���
^�D��ó���O;�`
�J)���>C�3���O;	���ó�"


	�
��¢9;:���'�M¨�����(��,(-(yd ?-�0;3<'�"!��-d-L=1� 7D��
;��'D0d)(�10^
;A��
,�5 ���
y(3��E�`
2�`
�J2��-()PO^�D��ó
�
�(
��£)(,(' 9;: 0�A£
 ��
2�d� ���!M��8��-(����"�3�-(��MV�!��'>0;I ,(������"�,('�y�MN��w��
,(-(3(-P
ÿ�`
�J)���>C�3���Oï�D�F� �
��
x��� ��:i�`
 ��
�O(�¤ *�
,(�19;-�0�7>���2
 |�
�O;���19;:
7>'�,���
 �£
2vH��'�)(�!��-(�(��"�3�� #&MV�1w<�
,(-(3��?@E%()(-(MV�15

)��DwL-L7D�802�D���8wÿ
ÿ�`
�J)���>C�3���Oï�D���F��O����8��"


��
��B�19;'�4(��)(3<'�@�"�3(-(y ¥ 
 A£
�Oÿ���
@�IB0;'�@}|�
ñ�`
^���!��'D0§3()�C�%(,(IBw`���
"!��-(4¡@L=1� 7>'�@�'�y�0;-(,��85

MV-(3<�

2�`
�J)���>C�3���OP�D��óF��O�	��F��"


��
t�B��)(�!7>3(-(,Ö��
 ��
;�~C�)("�����'�)(�1�F-(�(�>"�3<'�y&MV�1w<�
,(-(3(-P
2�~7!56@�'?���P�¢Oï�D��� �(O��
�<��"


ó�
t�B��)F *����
�O;��'�MV'E��
�O�AB-�02�89;:?��
���'�)<#�0;'�3L@�w<�
'�"��

ÿ�`
�J2��-()POï�D�����
��
¡�B��)("¢ûE
��d� ����MN� ��-(����"�3(-��£@�'�%()('�"�It0;'
7>@
C�3<'�@�'�y?-E'�3<' 9;'
7>@
C�3�'�@�'�yE=1� 7>'�@�'�y�0;-(,��
MV-�5

3(-P
2�`
�J;�~710(56@�'E�~ûEOï�D������O��
����"


�D��
¨�B)(�1w<'�@�"�3(-�wiûE
ñ�`
�O$��'�,(���
)('�@EA£
 A£
�AB@��10;��,(-(��@�MN��w��
,(-(3�Ci"�%�9;'
+�,(IBw�"�)(�10^
2�`
�J����85

C�3���Oï�D��óF�
����
t�9�!���(�19;'�)L�¤ d
�AB@��10;��,(-(�¤@�0;-(,��
MV-(3�Ci ?-�0;3<'�"!��-P
ÿ�`
�J2��-()POï�D�F�
	�O;���
ó�"


�8��
tAB�10;��,('�@Â��
 ��
2òP�802�D�(,(-(3�%('*K�-�7>-(3���%�92� 7>MVI�
ÿ�`
�J$����'�MV-�7!02� �8OH�D��ó���OP�D����"


�D	�
¨AB��3�+�����y(,r�2
 ��
;ú�-�7>-(3���"�%�9;'
+�,(IBw�"�)(�10&@�7D�802�D���8wÿ
;�`
�J���,("!��-��
C��?3<'�MV%(:�.�����)(,(IBw

-("!"19;�10;'�@F�
,(-(yPOP�
������O;�
��ó�"

Hzz��'�@�'�"�-(��-()("�3PJ�-�7!0(56@�'��~�¢OP�D������OP�8����"

ñ}
�>�(
 �ï-�0;)('>0;-(,��
MV-(�(��"�3(-(� ,(�!C�"!�F'�y(�(-(@�'�"!�F-S-�%(��)(�1wF'D0 3��
C�)(�
CD9;��,��F,('�"!�F-P
Lzq%('>0 )(�10^


��
 ��C�-(,(,(-PO��¤ d
 ��' 9(92�
�F�F}��`
�J2��-()POï�D��ó
�(O�	
���*"


�8��
���'�)(�F�
4(3(-(ydA£
 �;
;��'�"�MV-(�(��"�3�� #d=1� 7>'>0;-(,��
MV-(3���
ÿ�`
�J)���>C�3���Oï�D�F����O�	�����"


�D��
{òÿ�19;: 0;'
@�-(����
 �£
�OZGZ�
y�7>��)~|�
 ��
cú�-�7>-(3��dCD02�
)(,(IBw§@�' 9;,n-n@�I�"�'�3<'
����MV%(��)�� ��C�)(,�IBw

=!-�0;)('D0;-(,��
MV-(�(��"�3(-�w�#(@ 9;��,(-(yP
2�`
�J*���>C�3���Oï�D������O(��ó�ó�"


�8��
t���80;'�MV4(��@E�£
 �£
;��' 9(9;��3���-(@�,(I��¤#(@ 9;��,(-�#�@*%�92� 7>MV�

2�`
�J)���DC�3���Oï�D��ó���

�Dó�
t���
,(�19;:y�2
 ��
�O;GZ� 7>'�)(��,('�@|�£
 A£
�O��£��3(-(,���
 A£
�Oÿú�'�)���'�@?A£
 ��
(�c02�
)(,(' 56@�' 9;,('�@�I���#(@ 9;�15

,(-�#L@E3<'�,�0;��,("�-()('�@F�
,(,(IBw�"�)(�102�8wÿ
ÿ�`
�J���,�CF"1����Oï�D������O��F��ó�"


�D��
���'
��3(-(,¤�2
 ûE
�O9�B��)(��'iA£
 �2
9�B��'�)(,(-(3d7D�802�D�&%('?3�92�
"�"�-(�(��"�3�'
y�MV�1w<�
,(-(3<�

ï�`
�J.���>C�3���O

�>�F����O�	F�
��"


�
��
 ��'��(-(,Z��
 ��
�OV�~-(���19;:���
 ��
�OcGZ'
7>�\��
 A£
ZvZ��'�)(�!��-(�(��"�3��8#t=�-�0;)('�MV�1w<�
,(-(3���
��`
�JVú�-�7!5

MN� ��=!-�7�OH�D����	�O;���
ó�"


����
 ��)��
y(,('�@LA£
 ��
ï���D�(��"!��@���,(,(I��EMV�!��'>0;I/@iK�-�7>-(�(��"�3<'�y¡3(-(,(�1��-(3��E-�=�-�0;)('�=1� 7>'D0;-(,��85

MV-(3<�

2�`
�J;ABI�"!+�� #�+�3<' 92��Oï�D��ó���O;��� �*" 

����
t��)(' 9(9@��
�O(v¢)��
y(@��19;%(-("e��
 ¥ "�,('�@�I�K�-�7>-(3(-�%�92� 7>MVI�
ÿ�`
�J2��-()POï�D�F���
�
	�
{�~C�)��
,��nG^
�O�ú�)(-�0;)(-�wF"d��
W�B@���)�w�7>@
C�3<'�@�'��L�����(��,(-(��-§CD02�
)(,(I��L@�' 9;,(I�
��`
�JV���~ûEO

�>�F�
��O(�<����"


� �(
§û��
,�02�>CUûE
 �?
�O�û¤-(K�+�-(4Ö��
ñ�`
2���1w<�
,(-(3���
ÿ�`
�J)���>C�3���Oï�D��ó��
����
§û��
,�02�>CUûE
 �?
�O�û¤-(K�+�-(4Ö��
ñ�`
��ï-�0;)('>0;-(,��
MV-(3���
2�`
�J)���>C�3���OP�D��ó��
�
��
�û��
,�02�DC�ûE
 �?
�OFû¤-(K�+�-(4\��
ñ�`
��N9;��3���)('D0;-(,��
MV-(3���"�%�9;'
+�,(IBwU"�)(�10^
(�`
�J2���>C�3���O��D��óF�
����
nû¤-��
�D9���'�,&GH
 ��
(�N"1��'�y(�(-(@�'�"!�F:E@�)��±Ý��
.BÝ�-�w<"$#�MN�
"�"� ?-�0;3<'�"!��-P
;�~ ���@�"�3PJ����®� ��GZ�15

=1CD9�#()(,�� #�-iw<�
'
��-(�(��"�3�� #L0;-(,��
MV-(3��8��O2�
������O�� �F��"


�
ó�
§û¤'�y(4�#(,("�3(-(yLûE
 �2
2���1w<�
,(-(3��* ?-�0;3<'�"!��-d-L=!� 7D��
(û���,(-(,(=�)��80^J��^��v¢vBûEOÿ�D�F�
��O(�F�
ó�"


�
��
§û¤'
��'�@E��
 A£
2ú�-�7>-(3��E"�%�9;'
+�,(IBw�"�)(�10^
2�~ ���@�"�3PO2�
���F��Oÿ�>�Fó�"


	���
§û��
MV�Â�2
$�ï-�0;)('D0;-(,��
MV-(3���
2�`
�J��^��v¢vBûEOÿ�D�
�<��O(�F�
ó�"


	���
§û¤-(,(:���
 5h��
(vZ��'�)(-�#L=�-�0;)('D0;-(,��
MV-(�(��"�3<'�ydC�"!��'�y(�(-(@�'�"!�F-P
^�D�F�
ó�O;�`
�J;�~ûEOP�D�
�*"





Þ�P�êY�Oñ¢Ã�á�êMï$éLçgâ9ïªÂ	çYÌ � Ï È

	F��
����yÝ���)("�3(-(y���
 A£
1�B��'�)(,(-(3§7D�802�D�¨%('&����'�)(�!��-(�(�>"�3<'�yxMV�1w<�
,(-(3<�

��`JO���DC�3���OB�D�F����O
�
�Fó�"



	�	�
x��'�,(-(,`��
 �£
�vZ��'�)(�!��-(�(��"�3(-(��'�"�,('�@�I�=���'�K�-�7>-(�(��"�3�'�yd=�-�0;)('>0;-(,��
MV-(3(-P
�û¤��,(-(,(=�)��80^J�P-�0;)('�MV�!����'�-�7�02� �8OH�D��ó�ó�O��<� �*"


	
�(
¡��'�,(-(,Â��
 �£
�O&��=$9;'�M]��
ñ�`
����
� ��-("!�F-(�(�>"�3�� #?=�-�0;)('�MV�1w��
,(-(3���
����1w<�
,(-(3����
C�)(�
CD9;��,��
5

,('
"!��-P
*��
 ��
2�`
�J)���>C�3���OP�D���F��O��
�F��"

�])��
 ���1OP�D���F��O;���
��"


	F��
x��'�)('
7>'�@Â�¤
 �2
;AB@��10;��,(-(�¤@*@�' 9;,('�@
C�.{=�-�0;)('>0;-(,��
MV-(3�C�
2AB' 9;=�'�=�)��80^O^�D��óF�
	���
��}�%���%�/� �~��
���
��B���}�y�����������/���{�G���h���^�����/�%���������2���B���/�{���������/�������K�/�%�D�����D���%�������/���w��h�/�{���������/��
�� �%��¡%�%¡%�����POÿ�D�����
	F��
 ¥ @�"$#(,(,(-(3�'�@�ûE
 A£
Pû¤��3(4(-(-n%('d'�"�,('�@F� M =1� 7>'�@�'�y�0;-(,��
MV-(3(-P
c��'�"!3(@F�85��~ *��@�"�3PJ^��,�5"1��-���C<�U3�'�MV%(:�.�����)(,(IBwd-("�"19;��0;'�@F�
,(-(yPOP�
����	�O(	�	���"


	�ó�
 ¥ 9;: wF'�@�"�3(-(yL��
 ��
��~C�)("£����'�)(�!��-(�(�>"�3�'�yiMV�1w��
,(-(3(-?0(9�#?K�-�7>-(3�'�@(
(�`
�J��~7!0(56@�'����P�¢O

�>�F�
ó�O;������"


	���
 ¥ 9;: wF'�@�"�3(-(y§��
 ��
�OH���
@ 9;��,(3�'o|�
 �2
�OH�~C<7�:�MV��,(3�'�@dûE
 ��
còP�802�D�(-¡%('�����'�)(�!��-(�(�>"�3�'�y

MV�1w<�
,(-(3<��0(9�#�K�-�7>-(3<'�@(
2�`
�J;�~7!0(56@�'?���P�¢Oï�D�F����O(	��F��"


�F��
 ���!��3���@
-(�¡A£
 A£
 ¥ "�,('�@�I{MV�1w<�
,(-(3(-`"�%�9;'
+�,(I�w`"!)(�10^
^�`
�J¢�N0;-���'�)(-��89`��GM�p�£O^�
������O

������"


�(��
d���
)��
,(-(,�A£
 ��
PGZ�
@�,('�@���"�-(�� ?-�0;3<'�"!��-�-&��=�'UC�"!��'�y(�(-(@�'�"!�F:(
ï��)('�"!� � #&����'�)(-�#�-�0;' 5

"1�
C�%(,�I���'�%(I���I�
ÿ�`
�J;��,("!��-��
C��U3<'�MV%(:�.�����)(,(IBwd-("�"19;�10;'�@F�
,(-(yPOÿ�
���F��OP�>����"


�<��
"�B�10;'�@*ûE
 ��
;���1w��
,(-(3��E"�%�9;'
+�,('�y�"�)(�10;I�
ÿ�¡
�J)���DC�3���Oï�D�F�
��O��8
���O��F�F��"

�](�8
ñ��O2�
��ó�"


�F	�
��B�10;'�@�ûE
 ��
����!��'D0;I�%('>0;'���-�#i-L)�� 7>MV��)(,('�"!��-d@�MV�1w<�
,(-(3<�

2�¡
�J����>C�3���OP�D�F����O����F��"


���(
q�BI�"�'���@{��
 ��
�O�£�C�=!�
��@�úU
 A£
F�Z02�
)(,(I��£@�' 9;,(Ix@¤=1� 7D�8wE-E3<'�,�0;��,("�-()('�@F�
,(,(IBw?"�)(�102�8wÿ


�`
�J;�~7!0(56@�'E���P�¢Oï�D��óF��OP�D	�	�"


�<��
��~'�%(��)("�3<'�@���
 A£
���'�MV%(:�.�����)(,('���MV'D0;��9;-()('�@F�
,(-(��,(�19;-(,(��y(,(IBw�@�' 9;,P
�AB' 9;=�'�=�)��80^J

�£7!0(56@�'EAB' 9��P�¢O2�
������O�����"


�F��
È��-(=$9;��)�úU
N���1w<�
,(-(3�����@���)�0;IBw¨���19�-§ ?-�0;3�'�"1����yP
��~ ���@�"�3PJw���®��GH��=!CD9�#()(,�� #t-

w<�
'
��-(�(��"�3�� #L0;-(,��
MV-(3���Oÿ�
������O����8��"


�<��
#����)(,(I�yr�2
 �;
���� 7>'�@F� #U0;-(,��
MV-(3���
2�`
�J)���>C�3���OP�D��ó�ó�O(�<� �*"


�Fó�
K����.B0;I '��
C�)(�
CD9;��,��F,('�"!�F-P
P�`
�J)���>C�3���Oï�D���
�
�F��
���3<'���-d��
�û¤��3(4(-(-�%('�0;-(,��
MV-(3<�

�û¤��,(-(,(=�)��80^J��ïG ¥ ûEOï�D��	���O;������"


�
��
`��3�'
@ 9;��@£A£
 ��
8��)(�10;I�"!��'�)(-�#��
,��89;-���-(�(��"�3<'�y�MV�1w<�
,(-(3(-P
 �~ ���@�"�3PJp���®�xGH��=!CD9�#()(,�� #

-Uw�� '
��-(�(��"�3�� #L0;-(,��
MV-(3���O2�
������O�	F�
ó�"





X`<�5&R9F�7�5¤;	ZOKM?�F�;�5
¤ � � Þ���� � �NÝ �|T�5�>�=�?�FGKW8x� ?�T�5�F�:�;�F�79P�;�<¤ �~Ü � �NÝ +n5�8�JO5�U%+n5�8�JO5&5�P�;�<

¥ ÞG�1�~Þ�/Hà - Þ�� � Ü�õ � Þ9÷�ÜVß£à � Ü
à����2ßC�NÝW� � Þ9÷�ÜVß£à � à-� � Û3��ø�ßC�wÆ-���~Þ��3�

¦ /ZÞG�1�£àöõ�à �PÜ���Ü - àW§

De³�£?1�§1²$£kº1²�¹&²¢1�¨W£

wi5�<�?$:$?$5&:�=�@dP�?�P�:�798�=&>�79Uz8�5EKM?�>�ú�;�;

�iZOKM?$:�5OT1m�=O:�P�7���7�T1JO79J&8�?�KW=&>�79JO7�JO79=E[�KM?�8�=O:�P�5�F�F�79JO7q[�F�;�P�5�8�=&;�:�5&:$?�v
�u:*:*:*�9É	f1��7�T1JO79J&8�?�Köf�\�8gv&X`F�;�P�5�8�=&;�:�5&:�=&>�;�UgföÅ2:*:


